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Abstract 

We show that the standard generating functions for genus two-point twisted Gromov- 
Witten invariants arising from concavex vector bundles over symplectic toric manifolds are 
explicit transforms of the corresponding one-point generating functions. The latter are, in turn, 
transforms of Givental's J-function. We obtain closed formulas for them and, in particular, for 
two-point Gromov-Witten invariants of non-negative toric complete intersections. Such two- 
point formulas should play a key role in the computation of genus 1 Gromov-Witten invariants 
(closed, open, and unoriented) of toric complete intersections as they indeed do in the case of 
the projective complete intersections. 
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1 Introduction 

Torus actions on moduli spaces of stable maps into a smooth projective variety facilitate the compu- 
tation of equivariant Gromov-Witten invariants [Gil] via the Localization Theorem |ABo| , [GraPaj . 
Equivariant formulas lead to other interesting consequences beyond the computation of non- 
equivariant Gromov-Witten invariants. In the case of the projective spaces, two-point equivari- 
ant Gromov-Witten formulas in |PoZ| lead to the confirmation of mirror symmetry predictions 
concerning open and unoriented genus 1 Gromov-Witten invariants in the same paper and to the 
computation of closed genus 1 Gromov-Witten invariants in [Po]. In this paper we obtain equiv- 
ariant formulas expressing the standard two-point closed genus generating function for certain 
twisted Gromov-Witten invariants of symplectic toric manifolds in terms of the corresponding one- 
point generating functions. We also obtain explicit formulas for the latter. In particular, we show 
that the standard generating function for these two-point invariants is a fairly simple transform of 
the well-known Givental's J-function. The formulas obtained in this paper compute, in particular, 
the twisted/un- twisted Gromov-Witten numbers f) 1 . 2 j) / (jl.3p below. 

For a smooth projective variety X and a class AeH2(X;7<), 9Ko, m (X, A) denotes the moduli 
space of stable maps from genus curves with m marked points into X representing A. Let 

evi :Mo, m (X,A) — X 



be the evaluation map at the i-th marked point; see |MirSym" Chapter 24]. All cohomology groups 



in this paper will be with rational coefficients unless otherwise specified. For each i = 1, 2, . . . , m, 
let ipi e H 2 (yjlo )m (X, A)) be the first Chern class of the universal cotangent line bundle for the i-th 
marked point. Let 

7r:il^mto, m (X, A) 



be the universal curve and ev : it — > X the natural evaluation map; see |MirSym Section 24.3]. 
A holomorphic vector bundle E — >X is called concavex if 

E = E + ®E~, with H 1 (F 1 ,f*E + ) = 0, H° (P 1 , f*E~) = V / : P 1 — > X. 

Such a vector bundle induces a vector orbi-bundle V E over Tlo tm (X, A): 

V E = V E+ @V E -, where V E + = n*ev*E + , V E - = R\*ev*E~. (1.1) 

Given a class AeH2(X;Z) and classes r/i, r]2^ H*(X), the corresponding genus twisted two-point 
Gromov-Witten (GW) invariants of X are: 

{^mA P2 m) X AE = \_ «ev^ 1 )(^ 2 ev*r ?2 )e(V £ )eQ. (1.2) 

J[<mo,2(x,A)] viT 
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In particular, if E = E + , the twisted Gromov-Witten invariants (|1.2p are the genus two-point 
Gromov-Witten invariants of a complete intersection Y = s _1 (0) X defined by a generic holo- 
morphic section s : X — > E + : 

(r'vi, r 2 m)A, E+ = (^ pl m,r 2 m) Y A = {^m^m}^ v^,»»6ff*(Y); (1.3) 

the first equality follows from (EH Theorem 0.1.1, Remark 0.1.1]. 

The numbers (|1.2|) have been computed in the X = P n ~ 1 case under various assumptions on E 
through various approaches. The case when E is a positive line bundle is solved in [BK| and [Zl] 
and extended to the case when E is a sum of positive line bundles in [PoZj . The former led to the 
computation of the genus 1 Gromov-Witten invariants of Calabi-Yau hypersurfaces in [Z2| , while 
the latter to the computation of the genus 1 Gromov-Witten invariants of Calabi-Yau complete 
intersections in [Po]. The case when E is a concavex vector bundle has been solved in [Chj in 
the setting of |LLYlj . More recently, genus formulas with any number of tp classes have been 
obtained in |Z3j . In this paper we extend the approaches of [Zl] and [PoZ] to the case when X is 
an arbitrary compact symplectic toric manifold and E is a sum of non-negative and negative line 
bundles. 

I thank Aleksey Zinger for proposing the questions answered in this paper, for his many sug- 
gestions which consistently improved it, for pointing out errors in previous versions, for explaining 
[Zl] and parts of [GS] to me, and for his guidance and encouragement while I was working on this 
paper. I am also grateful to Melissa Liu for answering my many questions on toric manifolds, for 
explaining parts of [Gi2] to me, and for bringing [LLY3] to my attention. 



1.1 Some results 

If n is a non- negative integer, we write 

[n] = {1,2,..., n}. 
Let s > 1 , N\ , . . . , N s ^ 2 and for each i e [s] let 

H^pr*Hetf 2 (j P " ') ■ 

s 

where pr^ : FJ P^' _1 — >W Ni ~ 1 is the projection onto the i-th component and Jle H 2 (F Ni ~ r ) is the 
hyperplane class on P-^ i_1 . 

Theorem 1.1. Let d = (di,. . ., d s ) e (Z >0 ) s . The degree d genus two-point GW invariants lil.3\) 

of Y\ P^ -1 are given by the following identity in Q[ A ^v--,A s ,Bi,...,B a ] rjfi-i^ fir 1 ]].- 
i=l [ A i , > B i > Vie[s]J 

/trJVi-l-oi TTN s -l-a s TTiVi-l-bi TjN 3 -l-b s \ tl P^" 1 

2 Af...A^..W^ — lH. ,S —± V- 

6i,...,6 s >0 

1 y (A 1 + e 1 ^ 1 ) ai ...(A s + e ^ i r(B 1 +/ 1 ^ 2 ) fel ...(B s + /^ 2 ) bs 



h\ + tl2 . t^ n 8 f &i fi 

zih^-i n n (Ai+r^ n 

e i +/ i =d i »=1 \ r=1 r=1 
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This follows from Corollary 13.81 in Section! 

The results below concern the GW invariants of a compact symplectic toric manifold X T M 
defined by (|2.2p from a minimal toric pair (M, r) as in Definition 12.11 We assume that the vector 
bundle E splits 

a b 

E = E + ®E- —+X T M , where E+ = © L+ , r = @ir, (1.4) 

i=l i=l 

are non-trivial, non-negative line bundles and L~ are negative line bundles^ Theorem 1 1 . 2 1 and 
Remark 11.31 below describe two-point twisted GW invariants in terms of one-point ones. As is 
usually done, the twisted GW invariants will be assembled into a generating function in the formal 
variables 

Q = (Qi) • • • > Qk) 

with powers indexed by 

A = {deH 2 (X T M ;Z):(u,d)>0 V W ef M }, (1.5) 

where K? M is the closed Kahler cone of ^XfH 

A ring R and the monoid A induce an ii-algebra denoted -R[[A]]: to each d we associate a 
formal variable denoted Q d and set 



R[[A]] = i J] a d Q d : a d eR VdeA I 

UgA J 



Addition in i?[[A]] is defined naturally; multiplication is defined by 

Qd.Qd' = Qd+d' V d,d'eA 

and extending by i?-linearity. 

For each m > 1 and each d e A — {0} , let cij : 9Jto, m (-^m > d) — * ^ ^e the section of the universal 
curve given by the i-ih marked point, 

V E = R\, (ev*E + {-<7 1 )) eR 1 ^ (ev*E-(-ai)) — m , m (X T M ,d), and 

(1.6) 

V £ ss i?V (ev*£ + (-<7 2 )) 0-R V (ev*E-(-a 2 )) — ► 9% m (XX f ,d) whenever m^2. 



1 Recall that a line bundle L — > X\[ is called positive (respectively negative) if ci(L) e H 2 (XJ /{ ; R) (respectively 
— Ci(-L)) can be represented by a Kahler form on -XJ f . A line bundle L — > XJf is called non- negative if ci(L) e 
7? 2 (XJf ; R) can be represented by a 2-form w satisfying u>(v, Jv) ^ for all v. The assumptions that the line bundles 
Lf are non-trivial and that are negative (that is, ci(L~) <0 as opposed to just ci{Lj) ^0) are only used in the 
theorems that rely on the one-point mirror theorem (|5.2[) of [LLY3] . that is Theorems l3.5l Corollary 13. 71 Corollarv l3.8l 
and Theorem 14.71 

2 By |Brl Theorem 4.5], a non-empty closed convex subset of R d is the intersection of its supporting half-spaces. 
The supporting half-spaces of a closed convex cone C in R d are all sets of the form {nGR d : <(«,«/> >0} for some 
™eR d such that (v,vSy^Q for all veC. This implies that 

uelC*, <u>,d>>0 VdeA. 
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If m > 3 and d = 0, Ve and Ve are well-defined as well and they are 0. We next define the genus 
two-point generating function Z: 



Z(h 1 ,h 2 ,Q) 



h\h 2 

hi + h 2 



Y,Q A (ev lX ev 2 ) H 



deA 



e(Vi 



(1.7) 



where evi,ev2:9Ho,3(AT^,d) — > X T M are the evaluation maps at the first two marked points. This 
is used - in the case of the projective spaces - for the computation of the genus 1 GW invariants of 
Calabi-Yau complete intersections. 

With evi,ev2 : dJlo )2 (X]^ , d) — > X T M denoting the evaluation maps at the two marked points 
and for all rjeH 2 (Xl iI ), let 



Z v (h,Q) =rj+ ]T Q d ev u 
deA— 

Z„(h,Q) = Ti+ 2 Q d e Vl , 



deA-0 



e(V E )ev%r] 

h-ipi 

e(V g )ev|?7 

h-tpi 



6^*(^)[^ 1 ][[A]], 



ei/*(XX f )[^ 1 ][[A]]. 



(li 



Theorem 1.2. Let pr^ : X T M xX T M — *X T M denote the "projection onto the i-th component and let 
r]j,rjje H*(X'^ I ) be such that 

j^pT^pT^eH^-^iXl^Xl,) 

3=1 

is the Poincare dual to the diagonal class, where N — k is the complex dimension of X T M . Then, 

i s 

Z (hx, h 2 ,Q) = ^ + 2j p v i z vj yhuQ) vA z vj (^2, Q) ■ 



3 = 1 



This follows from Theorem 14.51 below, which is an equivariant version of Theorem 11.21 
Remark 1.3. The genus two-point twisted GW invariants (jl.2p are assembled into 



Z*(h u h2,Q)= 2 Q d (e Vl xev 2 ), 



deA-0 



e(V E ) 



(hi-ipi) {h 2 -ifj 2 ) 



elT*(^x*Xf)[^W][[A]L (1.9) 



where evi,ev 2 :Tlo t2 (X]^,d) — *X T M . By the string relation |MirSym Section 26.3], 



z* (hi,h 2 ,Q) 



h\h 2 
hi + h 2 



evi xev2j* 



deA-0 



e(V f 



eH^XltxXlf)^,^ 1 ]^]] 



(hi-ijji)(h 2 -ilj 2 ) 

where evi, ev 2 :M ,3p^, d) — ► jq f . By jL6]) and (fTTjl . 

e(V B )evte(^ + ) = e(V s )ev^( J B-). 

The last two equations imply that 

Z%h 1 ,h 2 ,Q) W \e{E + ) = Z*(fi 1 ,fi 2 ,Q)prfe(E-), 

where Z* is obtained from Z by disregarding the Q° term and pi 1 : X T M x X T M — > X r M is the 
projection onto the first component. This together with Theorem 11.21 expresses Z* in terms of 
Z„, Z v in the E = E + case. In all other cases, Z* can be expressed in terms of one-point GW 
generating functions which can be computed under one additional assumption; see Remark | 
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Remark 1.4. If E = O p2 (-l) © O p2 (-2) and He# 2 (P 2 ) is the hyperplane class, then 



f e(V £ WH 2 ev 2 *H = f e (v £ )evtHev 2 *H 2 = Vd>l. 



;9Jto,2(P 2 ,d) JaKo,2(P 2 ,d) 
If E = F 2(-V) ©O p2 (-l) ©Op 2 (-l) and He# 2 (P 2 ) is the hyperplane class, then 

r (—i)d+i 

\_ e(V B )evtH 2 ev|H 2 = ^ — i- Vd>l. 

If ^ = C P i(-l) ©O p i(-1) and He ^(P 1 ) is the hyperplane class, then 



f e(V £ )ev] ! Hev^H = \ Vd>l. 



These follow from (|3.36p in Section 13,21 which relies on Theorem 14,51 the equivariant version of 
Theorem II ,21 above. The first of these equations implies the first statement in [KlPa, Proposition 2] 
by the divisor relation of |MirSym" Section 26.3], the second recovers the first statement in [PaZ, 
Lemma 3.1], and the third implies the Aspinwall-Morrison formula. 



1.2 Outline of the paper 

Section [2] presents the facts about symplectic toric manifolds needed for the Gromov-Witten theory 
parts of the paper. This section is inspired by the view in |Gi2j of a symplectic toric manifold as 
given by a matrix and the choice of a certain regular value together with the holomorphic charts 
of [Baj. It contains proofs of all statements or references to the ones that are omitted. The reader 
interested only in the Gromov-Witten theory part may want to skip all proofs in Section [2l 

Section [3.21 gives formulas for the one-point GW generating functions Z„, Z. q of (II. 8j) under an 
additional assumption in terms of explicit formal power series constructed in Section r3.il It begins 
with a short setup. 

The explicit GW formulas of Section 13.21 and Theorem 11.21 above follow from the equivariant 
statements of Section 14.21 In particular, equivariant versions of Z^ and Z^ are expressed in terms 
of explicit power series constructed in Section |4~T1 Section [4] also begins with a short setup. 

An outline of the proofs of the equivariant theorems of Section 14.21 is given in Section 15.11 The 
remaining subsections of Section [5] provide the details. 



2 Overview of symplectic toric manifolds 

This section reviews the basics of symplectic toric manifolds and sets up notation that will be used 
throughout the rest of the paper. It combines the perspectives of [Au, Chapter VII], [McDSa, 
Section 11.3], |Bal Section 2], [CK1 Section 3.3.4], |Gi2| . [Gi3j . and Sp Sections 5,6]. 



Sections 12.1112.21 give the definition and describe the basic properties of a compact symplectic 
toric manifold. Section 12.31 is a preparation for localization computations in a toric setting; it 
describes the fixed points and curves and the equivariant cohomology. 
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2.1 Definition, charts, and Kahler classes 

Throughout this paper, k and N denote fixed positive integers such that k^N and 

[iV] = {1,2,..., iV}. 

If Del* (or v £ C ) and j e [k] (or j e [N]), let Vj e R (or Vj £ C) denote the j-th. component of v 
and define 

supp(v) = {j: vj^O}. 

If Jc[JV] 5 let 

R J = {veR N : supp(u)e J}^M |j| , C j = {zeC N : supp(z) c j} s C 1 J| . 

If A = ( Q ii)iG[fc]j6[JV] is a & x N matrix and J c [iV], denote by Aj the fc x |J| submatrix of A 
consisting of the columns indexed by the elements of J. Let 

i N 

be the standard symplectic form on C . Let 

Mstd : <£ N — >^ N , ^std{zi,...,z N ) = (|zi| 2 ,...,|zat| 2 ) 
be the moment map for the restriction of the standard action of T N =(C*) N on (C N , — 2u st d), 

(t\,..., tN)-(zi, . . . , Zn) = {t\Zi, . . . , tftZisi), 

to (^ycT^. 

An integer kxN matrix M = (^ij)i G [fe] ,je[N] induces an action of T k = (C*) k on (C , — 2w s td), 

(t a , . . . ,t k )-( Zl , . . . , Zn ) = (c u C 21 • • • C fc1 ^ • • • ,C 1JV C 2JV • • • C fc "*"); (2-i) 

the moment map of its restriction to (S 1 ) 1 * <^T k is 

If in addition reR k , let 

XIj = C n - C j ={ Z eC JV : C s ^n / , M 1 (r)/0}, = X^/T* ; (2 . 2 ) 

JQ[7V] 
C J n AtM 1 (r)=0 

see diagram (|2.3p . By Proposition 12.21 below, XT, is a compact projective manifold if the pair 
(M, r) is toric in the sense of Definition 12.11 In this case, ^&(Pm) / {S x ) k has a unique smooth 
structure making the projection 
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a submersion. With this smooth structure, 

V7td( P M)/( sl ) k is diffeomorphic to X T M via a diffeo- 
morphism induced by the inclusion M^ciC-^m) "~^^m- We summarize this setup in a diagram: 



Pj 4 = M- 1 (T)n\ 



% 1 (^)^std(^) C 



projection 




(2.3) 



3T 



Given a pair (M, r) consisting of an integer kxN matrix M and a vector reM fc , we define 
J^[N] : |J| = A:,P A T /^^ J ^0} 

J^[iV] : \J\ = k,3veM- 1 (r)n(R >0 ) N s.t. supp(v)ej}. 



(2.4) 



Definition 2.1. ^4 pair (M, r) consisting of an integer kxN matrix M and a vector teI* is 
tone if 

(i) t is a regular value of \xm and F%[¥=0; 

(ii) detMje{ + l} for all Jet^; 
(Hi) P^ = {0} (<=> -P/v/ ^ s bounded). 

A toric pair (M, r) is minimal if 
(iv) pj { nRW-{i}^0 /or a,ZZ je[iV]. 



If a pair (M, r) satisfies (ii) in Definition 12.11 above, then 



zeC N , supp(z) 2 J for some Je^ 



ill 



3teT fc such that (t-z)j = l Vj'eJ. 



If (M, r) is a toric pair, then a point zeC lies in X T M if and only if supp(z) 2 J for some JeYL 
and the T^-fixed points of X T M are indexed by see Lemma 12.^1' i)| and Corollary l2.2Qlf q)"[ 

Proposition 2.2. If (M, r) is a toric pair, then X T M is a connected compact projective manifold of 
complex dimension N—k endowed with a T N -action induced from the standard action ofT N on C N . 



Proof of Proposition \2.2i By Lemmas \2.3f a)\ \(g)\ and \(h)\ below, X r M is a connected, compact 
complex manifold. It admits a positive line bundle by Lemmas l2.13l [27^o)| and 12.91 below. By the 
Kodaira Embedding Theorem [GriHl pl81], X T M is then projective. □ 

Remark 2.3. If X is a compact symplectic toric manifold in the sense of [Cat Definition 1.6.1], 
then the image of its moment map is a Delzant polytope P (a polytope with certain properties 
\C&\ Definition 2.1.1]); see |Atl Theorem 1] or [GuSl Theorem 5.2]. This polytope P determines 
a fan £p, which in turn determines a compact complex manifold Xy, p ; see [Aul Section Vll.l.ac]. 
This complex manifold Xj^ p is endowed with a symplectic form, a torus action, and a moment map 
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with image P making it into a symplectic toric manifold; see \Au\ Theorem VII.2.1]. Moreover, 
this symplectic form is Kahler with respect to the complex structure, as stated in |Gi2l Section 3] 
and can be deduced from \Au\ Chapter VII]. Since X and Xs P have the same moment polytope 
(i.e. image of the moment map), they are isomorphic as symplectic toric manifolds by Delzant's 
uniqueness theorem [De, Theorem 2.1]. On the other hand, Xy, p = X T M for some minimal toric 
pair (M, r) by the proof of [Au[ Theorem VII.2.1]. Thus, a compact symplectic toric manifold 
(X 2n , oj, (S l ) n , //) in the sense of [Cat Definition 1.6.1] admits a complex structure J so that 
(X, is Kahler and (X, J) is isomorphic to X T M for some minimal toric pair (M, r). 



Lemma [2.51 relies on parts (i) and (j) of Lemma [2.41 below which in turn rely on the other parts 
of Lemma [2.41 Lemma l2.9l is based on Lemma 12.81 and Lemma [27/ If d) Lemma 12 . 7|( b ) | follows from 
Lemma I2.7[(a) while the proof of Lemma I2.7|((i) uses Lemma I2.7[(c)| 

For t=(t 1 ,t 2 , . . . ,t k )eT k and p=(pi,y>2, • • • ,Pfc)eZ fc , let 

iP = tf tf...t p * . 

Lemma 2.4. Let (M, r) be a toric pair. 

( a) The subset P^ci (M.^°) N is a polytope (i.e. the convex hull of a finite set of points). 

(b) Let r?eR fe be any regular value of \im- If weP*^, then 

M:{veR N : supp(u) c supp(u>)} — > R k 
is onto. In particular, ifweP^j, then |supp(u>)| ^ k. 

(c) IfJeY^j, then J = supp(y) for some ye i~i]^(t) . 

(d) //Jc[iV] and supp(v) c: J for some ve PJ^, then supp(u;) = J for some we PJ f . 

(e) The polytope P^ has dimension N—k. 

(f) If v is a vertex of P^, then supp(v) e "V^ . 

(g) If Vertices T M is the set of vertices of the polytope PJ^, the map 

supp : Vertices^ — > v — > supp(f), 

is a bisection, 
(h.) Ifyefijj(r), then supp(y)=? J for some Je'f^. 
(i) Let zeC N . Then, zeX T M if and only i/supp(z)2 J for some JeY^. 

(}) Let I,Je and t^ e T k . If \t^\ — > oo and there exists 5>0 such that \t\ n) \ Ss 5 for all 
ie[k], then \(t^) M i Mj \ is unbounded for some j e J . 



Proof, (a) By [Z]] Theorem 1.1], a subset of R is a polytope if and only if it is a bounded 



intersection of half-spaces. Thus, the claim follows from (iii) in Definition 12.11 
This is immediate from the surjectivity of d w fiM- 
This follows from the second statement in \(b)\ 



(c) 



(d) Assume that supp(v) ^ I ^ J and that there exists v' e P^ with supp(v') = /. Let I\^I with 
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h^J and |ii| = |/|+1. We show that there exists wePTj with supp(w) =I\. By the first statement 
in |(6)[ there exists w'eM~^(t) cR^ with supp(u/) =I\. Let w = (1— X)v'+Xw' with AeR satisfying 



W ; 



Xw'j>0 if jeh-I and All f I < 1 Vj'eJ. 



(e) By \(d)\ together with the second condition in |(i)| in Definition 12.11 supp(u;) = [N] for some 



(/) 



(9) 



wePJ^ and thus dimP^ = N — k, since M has rank k by 

By |(e)[ |supp(v)| ^k; the opposite inequality follows from the second statement in |(6)[ 
By (/) , supp(u) 6 Y^j- for every vertex v of PT, . The map supp is injective by (ii) in Definition ^. II 



and surjective by (c) and (ii) in Definition 12.11 

(fe)| By [ZH Proposition 2.2], every polytope is the convex hull of its vertices; since /igtdC?/) e ^M an< ^ 
PTj is a polytope by (a) 



Mstd(y) = A s 



for some vertices t>i, i>2, ■ ■ • , iv £ PJf and Ai, A2, • • • , A r e R >0 . Then, supp(y) 2 supp(vi) and 
supp( Vl )e^by[2)j 

n]] If zeX^, there exists ye C supp W n/ij^- (r). By there exists JeY^ with J^supp(y). Since 



supp(y) c supp(z), it follows that J^supp(z). The converse follows from (c) 
(j) By (c) there exist v, we (R >0 ) fc such that Mjv = t = Mjw. By 



in Definition 12.11 it follows 



there exist v,we\ 
that there exists ae(Z >0 ) fc such that Aff 1 MjC6 (Z >0 ) fe . 

Assume by contradiction that |(i( n )) M / | is a bounded sequence for all je J. By passing to 
subsequences, we may assume that \{t^) M i M *\ is convergent for all je J. It follows that 



I [|(t( n )) M 7 lM ^| aj = |( t («))M i r 1 M J a| 



(2.5) 



is also convergent. On the other hand, by passing to some subsequences, we may assume that for 
each ie [k], |ii | has a limit (possibly 00). Since at least one of these limits is 00 and none is 0, the 
right-hand side of (I2.5P diverges leading to a contradiction. □ 



For ^eC^ and J={ji <j 2 < ■■■< j n }^ [N], let 

Z.J = (Zj 1 , Zj 2 , . . . , Zj n ) . 

For zely, let [z]el^ denote the corresponding class. 
Lemma 2.5. Let (M, r) be a toric pair. 

(a) The space XT, is path- connected. 

(b) The torus T k acts freely on X T M . 



(c) The subset T k ■ (i M ] (t) of C n is open 



(d) The subset T k ■ /%/(t) of X T M is closed. 
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(e) There is a unique map 

p T M :Xl I ^(R>°) k ^T k s.t. p T M (z)-ze^(r) V.eX^. 
Furthermore, this map is smooth. 

(f) The quotient H-^} {t) / {S l ) k is a compact and Hausdorff. 

(g) The inclusion fxT^ (r) '—>■ XJ^ induces a homeomorphism 

MM 1 W/(5 1 ) fc — JT M . (2.6) 
In particular, X T M is compact and Hausdorff. 
(h.) The space X T M is a complex manifold of complex dimension N — k. 



Proof, (a) This holds since X T M is the complement of coordinate subspaces in C 
|( 6)| Let teT k and zeXJ^ be such that t-z = z. By Lemma [2^Ti)| there exists JeY^ such that 



J= {ji<- ■ -<jk} esupp(z) 



m 



By (ii) in Definition 12.11 the group homomorphism 

T fc > jk^ t > yM Sl ^ _ _ _ ^ t M jk ^ 

is injective and so t= (1, 1, . . . , 1). 
(c) For each zeC N , let 

/ M o 

M Z = M 

V \z N 

If z e ^^/(t), supp(z) 2 J for some J e by Lemma I2.^[fe)[ Since Mj is invertible by (ii) 
Definition 12. H so are {M z )j and M z (M z ) tr . Since the differential of the map 

(R>°) fc — R* t — MM ( t .*), 

at t=(l, . . . , 1)6 (M >0 ) fc c T fe is 2M z (M z ) tT , the differential of the map 

T fc x /^/(r) — > M fc , (i, z) — ^(t-z), 

is surjective at (1,-z) for all z e /U^ (r). Since the restriction of this differential to the second 
component vanishes, the differential of the map 

T fc x ^(t) — ► C^, (i, z) — ► t-z, (2.7) 

is surjective at (1, z) for all ze/j,^ (t) and so, by the Inverse Function Theorem, the image of (|2.7p 
contains an open neighborhood of //^ (t) in C^. 
[(g)] Let z^el^ and t( n 'eT fc be sequences such that 

lim z^ =ze4 ; and y (n) s= i< n ) •>) e /i" 1 (r) . 

n — >oo 
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By (iii) in Definition 12,11 we can assume that y^ — >y e [AjJ(t). By Lemma l2.^(i)| there exist 
J(y), J(z)eY^ such that 

J(y) = {ii<- • -<3k] ^ supp(y) and J(z) £ supp(z); 

we can assume that J(y), J(z) ^ supp(y( n )) = supp(z( n )) for all n. By (ii) in Definition 12.11 Mji y \ 
is invertible and so 



(n) 



where (i 



(l/ (w) )* 



Vi = 1, . . . , k. 



Since (y< n )) 



^ for all j e J(y) and (^ n ))j — ► z is |(t (n) )*| > 5 for some 5 e R >0 and for 



all n and i. If |(t ( - n - ) )| is not bounded above, after passing to a subsequence we can assume that 
— >qo. By Lemma I2.^(j')[ there exists jeJ(z) such that, after passing to a subsequence, 



x. 



Since iW-^W — > y, it follows that — >0 and so j^supp(z), contrary to the assumption. 
Thus, {t^} is a compact subset of T k . After passing to a subsequence, we can thus assume that 
t (n) — >t eT k . It follows that 



t-z= lim lim «W= lim t^-zW = lim yW 

n — >oo n — >oo n — >oo n — >oo 



y- 



Thus, zeT^/i" 1 ^). 



(e) By the proof of (cj r is a regular value of the smooth map 

>o\ k 



x XI 



A/ 



— > /j, M (t-z), 



and the projection map -K2 : 5> x (r) — >XJf is a submersion. By (a) (c), and |(rf)[ this map is 
surjective. We show that it is also injective; by (a) (c) and |(rf)| this is equivalent to showing that 



In, 



,r k )eR k , z,(e ri ,..., 



e rk )-z e fi M (r) 



n = 



Vi = 1, . . . , k, 



where the action of (e ri , . . . , e rfc ) e T fc on z is defined by (I2.ip as above. We present the argument 
in the proof of [Kit 7.2 Lemma]. Let 



/ : M — > R, /(u) = (/, M [(e* 1 , . . . ,e w *)-*] , (n, . . . ,r fc )) V 
Since /(0) = /(l), there exists uoe(0, 1) such that /'(uo) = 0. Since 

2 



neJ 



iV 2 
/'(n ) = 2 2 e 2w °<^---^V(r 1 , . . . ,r fc ),M,) |z,| 2 , 
j=l 

f'(uo) = implies that ((n, . . . , rk),Mj}zj = for all j e [N]. By Lemma l2~ffii)| there exists JeYj^ 
such that J^L supp(z) and so ((fi, • • • , r*.), Mj) = for all jeJ. By (ii) in Definition 12. 11 this implies 
that r\ = for all ie [fc]. The map p T M is vr^ 1 composed with the projection {R >0 ) k xX T M — > (R >0 ) fc . 
|(/)| Since /j,^ (r) is compact by (iii) in Definition l2.il so is the quotient space /j,^ (t) /(S 1 ) k . If p is 
the quotient projection map and A<zfj,~^(r) is a closed subset, 

p- 1 {p{A)) = (S 1 ) k ■ A= {t-z: zeA, ie^ 1 )*} 
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is the image of the compact subset (S' 1 ) fe xA in (J, m (t) under the continuous multiplication map 

and thus compact. Since fj,^ (r) is Hausdorff, it follows that p" 1 (p(A)) is a closed subset of /j,~^(t). 
We conclude the quotient map p is a closed map. Since /j.J^{t) is a normal topological space, by 
[Mul Lemma 73.3] so is /^/(V)/^ 1 ^- 

|(g)| The map (|2,6p is well-defined, since the inclusion (r) is equivariant under the 

inclusion (S 1 )' 2 ^->T fc , and is continuous by the defining property of the quotient topology. The map 

X T M > ( r ) ) z > Pit i z ) ■ *, 



is equivariant with respect to the natural projection T k — > (5' 1 ) fc by the uniqueness property in (e) 
and thus induces a continuous map in the opposite direction to (|2 . 6[) . Since P t m\(u- x ( t )) = O-i • • • > 1)> 
the two maps are easily seen to be mutual inverses. 

\(h)\ We cover X r M by holomorphic charts as in |Bal Propositions 2.17, 2.18]. For each Je'f^, let 
[iV]-J = {ii<t 2 <...<i iV _ fc } I Uj = {zeC N :BuMz)^J}> Uj = Uj/T k , 

\ Z J Z J z j / 

By Lemma l2~ffii)| the collections {?7j : JeY^} and {[/j : JeY^} cover XJ f and -X"^, respectively. 
The map hj is well-defined. First, MJ 1 exists and is an integer matrix by (ii) in Definition 12.11 
Second, if teT k , zeUj, and J= {ji < J2 < • • • <jk}, then 

(t. Z )- M ^( t .z) is = ((^r^ lM ^ . . . (t^j-( MJlM ^) 

= r"' ( M " M - ) +M - z; MjlM - = z is , \/se[N-k]. 

The map /ij 1 is the composition of the continuous maps 

c N-k ^ projection ) ^ (^^) = J 2 -' | H = ^> Vie[JV]. 



1, ifieJ, 



The composition fe — ► £/j — ^* fc is obviously the identity. The other relevant composition 
is given by C/j9[z] — ► [y]eUj, where 

f -Mj X M ia ._ . 

Vi = \ Zj ' Zis ' \fje[N]. 

[1, ifieJ, 

Let t r = Zj Mj ^ r for all re [A;]; it follows that t-z = y. 

If in addition J' e ~f^, the domain and image of the overlap map hjohj, are complements of 
some the coordinate subspaces in C N ~ k , and every component of this map is a ratio of monomials 
in the complex coordinates. In particular, this map is holomorphic. □ 
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Remark 2.6. Let (M, r) be a toric pair. The projection n : X T M — > X T M is a holomorphic 
submersion; this can be seen using the charts ([H 



Let K r M be the connected component of r inside the regular value locus of /im- 

Lemma 2.7. Let (M, r) 6e a toric pair. 

('aj Lei neM k . Then, 77 is a regular value of hm if and only if Mj(R^°)\ J \ for every Jc[JV] 
with \J\^k-l. 

(b) The subset KT, o/R fc is an open cone (i.e. an open subset ofM. k such that XrjeKJ^ whenever 
A>0 and ne KJ^). 

(c) For every rjeK^, = 

(d) For every neKJ^, (M, rj) is a toric pair and X\, = X T M . 

Proof, (a) If 77 is a regular value of /j>m, Mj(M^°)\ j \ for every J a [N] with |J| < k — 1 by the 



second statement in Lemma l2.4j(6)| Suppose 77^ Mj(M* :0 )^l for every Jc [JV] with \ J\ — We 
prove that for every v e P^ there exists J £ supp(w) such that | J\ = k and det Mj j= 0. Suppose 
not, i.e. det Mj = for all J £ supp(f) with |J| = k. We show that there exists v' e with 
|supp(i/)| <k; this contradicts the assumption on 77. If |supp(»|5=fc, there exists loeM-^ojcl^ 
such that supp(w) £supp(u) and Wj >0 for some joesupp(u). Let 



A = min j — : j e supp(v) such that wj > 

It follows that v — XweP^f and supp(u — Xw) £. supp(u). Continuing in this way, we obtain v'eP^ 
with |supp(f')| < k. 
(b) This follows immediately from 



(c)1We show that the set {neK T M : y^ = y^} is open and closed in and thus equals -K"Xr It 
suffices to show that for any ^c{Jc [jV] : | J| = fc} the set 

{776^:^ = ^} = p| {v^Kli :Pl I nR J ^0}n f] {r,eK T M : P« M nl J = 0} 
Je^ Jc[JV],|J|=fe 

is open. We show that the set 

{veKlt: PZnR J ^0} 

with J £ [iV] and |J| = fc is open. Let 7/ be any of its elements and let w e Pint''. By the 
surjectivity of d w /j,M, supp(^) = J and detMj^O; this shows that Mj(M. >0 ) k is open and 

77' e Mj (M >0 ) " n KX, £ {77 6 tfj, : P^ n R J * 0} . 

The set 

{r,eK T M : P^nR J = 0} = K T M -Mj(R> )^ 
with Jc: [JV] and | J| = k is open as well. 

P)1 Since P^ 7^ 0, /i M V) * and so ^ 7^ by Lemma Since *&#0, ^ by [(cj 

and so Pj^#0. Since (M, r) satisfies (ii) in Definition 12.11 by (c) so does (M, 77). Thus, (M, 77) is 



toric. The equality X^ = Xj^ follows from (c) together with Lemma I2.^(z)| □ 
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Lemma 2.8. Let (M, r) be a toric pair. 

(a) The quotient {t) / {S^) k admits a unique smooth structure such that the projection 

*r--lh}(T)^lti(T)/(S 1 ) k (2.9) 

is a submersion. 

(h) There exists a unique symplectic form uj t on [i~^{r )/{S 1 ) k such that 



1T T 0J T = U) std 



where ir T is the projection i2.9\) . 
(c) The map 112. b)) is a diffeomorphism. 



Proof, (a) By [tD|, Proposition 5.2], if G is a compact Lie group acting freely and smoothly on 
a manifold M, then the quotient M/G carries a unique differentiable structure such that the 
projection 

M — ► M/G 



is a submersion. Thus, the claim follows from (i) in Definition 12.11 and Lemma I2,5j(fc)[ 

(6) This follows from the Marsden-Weinstein symplectic reduction theorem jMWl Theorem 1]. 



By (a) and Lemma l2~qTff)[ it is enough to show that the restriction 



7T 



of the projection ir:XTj — > X T M is a submersion. This follows from the fact that the map 

T^^r)-^, (t,z)-^[zl 

is a submersion whose differential at (t, z) vanishes on TjT fc xO. This map is a submersion because 
it is the composition of two submersions, 

T k x^{r) ^X T M , (t,*)— t-z and tt : X T M — » X T M . 



The former map is a submersion by the proof of Lemma I2.5|(c)[ while tt is a submersion by Re- 
mark ESI □ 

If (M, r) is a toric pair, we abuse notation and denote by uj t not only the form on /i Af 1 (r)/(S' 1 ) fc 
defined by Lemma !2.S|(fo)[ but also the form it induces on XJ^ via the diffeomorphism (|2.6p of 



Lemma [22 J c) In this case, by Lemma I2.7|(rf) and Lemma I2.j|(5)| for every n e K T M , uj v is the 
unique symplectic form on X T M satisfying 

^L^w = Wstd k/W' where w: *m^ x m ( 2 - 10 ) 



is the projection; see also diagram (j2.3jl . 

Lemma 2.9. Let (M, r) be a toric pair. For every rjeKJ^, lo v is Kdhler with respect to the complex 
structure on X T M . 
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Proof. The form is positive with respect to the complex structure on X T M by (|2.10p together 
with the equality T fc - /j.^ (77) = X T M (justified by Lemmas I2.£|(ff)| and I2,7|(rf) ), Remark 12.61 an d the 



positivity of w s td- D 

Remark 2.10. If (M, r) is a toric pair and J c: [iV], the pair (M/,r) is toric if and only if 
P\ij ^ 0- •"• n * n ^ s case > -^-Mj 1S a connected compact projective manifold of complex dimension 
\J\— k by Proposition 12.21 It is biholomorphic to 

Xlf(J)^{[z]eXl r . supple J} 

via the map 

II fj3 [z]-[ tJ ( Z )]Eli(J), where ( tJ (z)) - T r ' .f J = Jr ' (2.11) 



if J = {ji < ji < ... < j r }. In particular, if (M, r) is a minimal toric pair and iVfj is the matrix 

obtained from M by deleting the j-th column, then X T M ^ is a connected compact projective manifold 

3 

of complex dimension N—l. The map (12. identifies X T M ^ with the hypersurface 

i 

X T M ([N]-{j}) = ^ = {[*] 6 *m : ^ = 0} • (2.12) 
If JeY^ with Y^ defined by (H3D, then X T M (J) is the point 

M = [ z i> ■ ■ ■ i z n], where Zj = \ ^ ^ J ' (2.13) 

0, otherwise. 



This follows from Lemma l2.^(i)| and (ii) in Definition 12.11 

If J ci [N] is such that PJ^n~K J ^=0 and | J\ = k + l, then XJ^(J) is a one-dimensional complex 
manifold and there exist exactly 2 multi- indices IeYj^ with Jc J. The latter follows since multi- 
indices IsY^ with /c J correspond bijectively via tj to elements of , which in turn correspond 
to the vertices of PJ^ by Lemma l2.4j(g)[ PJf has dimension 1 by Lemma l2.4j(e)| 

Remark 2.11. If (M, r) is a toric pair with M & k x N matrix, then (VM, Vt) is a toric pair 
whenever V e GL^(Z). In this case, Y^ = Yy^ and X r M is biholomorphic to XyJ^. The pair 



(FM, Vt) satisfies the first condition of (i) in Definition 12. 1( since V is an isomorphism. Since 
PJf = Pylf, Ym = "^vm an d so {VM,Vt) satisfies the second condition of (i) (ii) and 
Definition 12.11 as well. 



111 



m 



Remark 2.12. If (M, r) is a toric pair with M a kx(k+l) matrix, then X T M is biholomorphic 
to P 1 . In order to see this, note first that \Y^\ = 2 by Lemma I2.^(g)| and Lemma I2.4j(e)[ By 
Remark 12.111 we can assume that Mj = Id^ for some J e Y^ . The claim now follows from (j2.8|) : 
X T M is a compact manifold covered by two charts 



satisfying hj(Uj nUj) = hj(Uj nUj) = C* since Ju J = [A;+l] and hjoh J 1 (z) = z- 1 by (ii) 
Definition O 



m 
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2.2 Cohomology, Kahler cone, and Picard group 

Throughout the remaining part of this paper, (M, r) is a toric pair. In order to complete the proof 
in Section [2.11 that X T M is projective, we describe some holomorphic line bundles over it. For each 
peZ fc , let 

L P = X T M XpC^XX/xC/-, where (z, c) ~ (t" 1 -z, t p c), V t £ T k . (2.14) 

Since tt-X]^ — > Xl I with 7r(2;) = [2r] is a T^-principal bundle by Lemma [2^ b ) | and Remark 12.61 

L P — >Xl I , [z,c] — >[z], 

is a holomorphic line bundle. Furthermore, 

Lq = Ox T M , L p = L_ p , L p ®L r = L p+r . 

The line bundle L—Mj admits a holomorphic section 

s j :X M — * L-Mj, [z] — >[z,Zj]. (2.15) 

Since Sj is transverse to the zero set by (j2.8|) and sj (Q) = Dj by f|2.12j> . c\{L-Mj) = PD(-Dj). 
For all j e [N] and ie [fc], let 

\]j = C!(L- Mj ), ^i = L ei , Hi = ci(7*), (2.16) 

where {e^ : z e [A;] } a Z fc is the standard basis. Thus, 

L- Mj = 7i*^ ®lT 123 ® ...07^ => r, Vje[iV]. (2.17) 

i=l 

Lemma [2.131 below is used in the proof of Proposition 12.21 in Section \2. II and to describe the Kahler 
cone of X T M in Proposition 12.161 below. 

Lemma 2.13. For every rjelj k C\K T M , 

ci(L- v )= -[u n ], 

7T 

where oj^ is the Kahler form defined by \2.10\ ). 

Proof. We follow closely the proof of |Aul Proposition VII.3.1]. Let 

be the pull-back of L^ v via the diffeomorphism (|2.6p of Lemma 12 . £|( c) | and 

rS 1 = . \ al V Vm(v) 

L -r t = W x -n b -» "^lyT 
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be its sphere bundle. Let 



/"M 1 ( r /) x5 ' 



1 P 



L 



S 1 



be the natural projections. 

Let ef be the fundamental vector field on /i^^xS 1 corresponding to eieM. k for the T fc -action 
given by (|2.14p with p = — 77. Thus, 



e*= - 
1 ~ dt 

N 



(exp(itej) • (xi + iyi,. . ., x N + iy N , x+iy)) 



t=o 



^-(IR 2 )^ and C = R 2 , respectively. Let 
a = /J i~ x jdyj + yjdxj) e O, 1 {fJ-Jfiv)) an d CT = ^dy — ydx e S7 1 (S* 1 ) . 



where Xj,yj,x,y are the standard coordinates on C 

A? 



Since t #(a © <r) = on iu.}(rj) x 5 1 for all ie [A;], a® a descends to a 1-form (a © 17)51 on LtL. 
This form is a connection 1-form for the principal S^-bundle L^L because it satisfies 

C x #(a@a) s i = 0, i x #(a©o-) s i = 1, 

where 

X* = -y— +x — 

ox oy 

is the fundamental vector field for the S^-action on L^L as a principal S^-bundle; see [Aul Exer- 
cises V.4,V.5]. Let (3 denote the curvature form associated to (a ©(7)51. By [Aul Section V.4.c], it 
is uniquely determined by 

p*/3 = d(a 8(7)51. 

Since <jr*d((a © (7)51) = —2p*uj st ^, (3 = —2ui v by the uniqueness of reduced symplectic form co v of 
Lemma W$bj\ Thus, by (XuJ Proposition VI.1.18] and [Jul Section VL5.b], 



ci(^) 



2vr 



7T 



K]ei/ d 2 eR (^ 1 (r ? )/(5 



i\fc\ 



as claimed. 
We define 



£ T M = \j^[N] ■■ f]D j = 0\ = {j^[N] : Mj}(r)n(R>y jc \=0}; 
I jeJ J 

the second equality follows from Lemma l2~ffiT ^c)|K c?) and (|2.12|) . 



□ 



(2.18) 
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Proposition 2.14. If (M,r)is a toric pair, 

Q [Hi, H 2 , . . . , H & , Ui, U 2 , . . . , Ujv] 



i=i 



If, in addition (M, r) is minimal, H 2 (XL-; Z) is /ree mt/t 6asis {Hi, H2, . . . , H^}. 

Proof. This follows from [McDSaj Section 11.3] together with Lemma l2.j|(c)[ □ 

Remark 2.15. By Proposition 12. 141 H*(X^j) is generated as a Q-algebra by {Hi, . . . , H/J. Along 
with (ii) in Definition I2.1[ this implies that H*{X 1 M ) is generated as a Q-algebra by {Ui, . . . , Ujv}- 

Proposition 2.16. If(M, r) is a minimal toric pair, there is a basis {c\{L^ m ) : ie [k]} for H 2 (X^) 
formed by the first Chern classes of ample line bundles, with L- Vi as in \2.1J$ . In particular, the 
Kahler cone K7 M of X T M has dimension k. 

Proof. By Lemmas 12.131 12.91 and [27^5][(iJ there exists a subset {7/1, ...,%} £ Z fe , linearly inde- 
pendent over Q, such that the line bundles L-^. are positive. The first Chern classes of these line 
bundles form a Q-basis of -£f 2 (X^) by the last statement in Proposition 12.141 □ 

Proposition 2.17. If(M, r) is a minimal toric pair, the Picard group of X T M is free of rank k and 
has a "L-basis given by 71, ... , 7^ defined by 112. 16]) . 

Proof. The first Chern class homomorphism is an isomorphism because h 0,1 (X^) = hP ,2 (X\, t ) = 
which in turn follows from Proposition 12.141 □ 

Remark 2.18. If (M, r) is a toric pair, there is a short exact sequence 

N 

0®\ L_ Mj TX T M 0. (2.19) 

Specifically, we can take 

F([2],ej) = [z,m i iz 1 ,mi2Z 2 ,...,rn iN z N ] Vie [A;], ^el^, 

iV 



where {e^ : ie[A;]} is the standard basis for C fc and n'.XJ^ — > A'Xf * s ^ e projection. Thus, 



v 



ci(rxj f ) = 2u i . (2.20) 
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2.3 Torus action and equivariant notation 

The equivariant cohomology of a topological space X endowed with a continuous T^-action is 

H* N (X) = H* (ET N x jN X) , 

where ET N = (C 00 — 0)^ is the classifying space for T^. In particular, the equivariant cohomology 
of a point is 

H* N {point) s H* N = H*((r°) N ) = Q[a u ...,a N ] = Q[a], 

where aj = ci(7r*Opoo(l)), ttj : (F co ) N — >P G0 is the projection onto the j-th component and Opoo(l) 
is dual to the tautological line bundle over P 00 . The equivariant Euler class of an oriented vector 
bundle V — > X endowed with a lift of the T^-action on X is 

e(V) = e(ET N x ^jv V) £ H* N (X) . 



U-.m N (x) — m + N dimY - dimX (Y) 



A T^-equivariant map / : X — > Y between compact oriented manifolds induces a push-forward 
map 

characterized by 

f (fvW= f v(fW) VrieH; N (Y), V 'eH* N (X). (2.21) 

JX JY 

If Y is a point, /* is the integration along the fiber homomorphism ^ : H^, N (X) — > H^' N dimX . 
The push-forward map /* extends to a homomorphism between the modules of fractions with 
denominators in Q[a]; in particular, the integration along the fiber homomorphism extends to 

f : H* N (X) ®Q[ a ] Q(a) — Q(a), where Q(a) = Q(«i, . . . , a N ) 
Jx 

is the field of fractions of Q[a]. If X is a compact oriented manifold on which T N acts smoothly, 
then, by the classical Localization Theorem [ABoJ 

Q[a] 3 fr ? = ^ f 7W VveH; N (X), (2.22) 



where the sum runs over the components of the T pointwise fixed locus X oi X. 
Lemma 2.19. If (M,r) is a tone pair, (T N -z/T k ) is diffeomorphic to T' supp ^-" _fc for every z^X T M . 



Proof. By Lemma I2.^(i)| and (ii) in Definition 12.11 there exists J Q supp(z) with \J\ = k and 
detMje{ + l}. The map 

^ 3 [yx, ■ ■ ■ ,Vn] — (vj* 7 ^*) e Tl-PP^I-^ 

V / sesudd(z)- J 



is a diffeomorphism with inverse 



1, ifj^supp(z) 



T |supp( 2 )|-fe 3 A ^ [t lZl , . . . ,t N z N ] e -^-r-, where t 

■TP/, -js 

if j e J, 



7S ifj=j s 



and supp(z) — J= {j\ < . . . <i| SU pp(z)|-£:}; see the proof of Lemma l2TqTft)| in Section [2TT1 □ 
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Corollary 2.20. (a) The T N -fixed points in X T M are the points [J] of l2A^) . 

(b) The closed T -fixed curves in X T M are the submanifolds XJ^(J) of Remark \2.1U\ with \ J\ = k+1; 
all such tuples J are of the form J = IivjI 2 with with I\,I 2 £"¥m and \Ii <^I 2 \ = k — 1. These 
curves are biholomorphic to P . 

Proof. The first two statements follow from Lemma 12,191 The third follows from the last part of 
Remark I2~TU1 The last follows from Remarks I2TT01 and I2TT21 □ 

We next consider lifts of the standard action of on X T M to the line bundles L p of ()2.14j) 
which will be used in describing the equivariant cohomology of X T M . One such lift is the canonical 
one 

(ii, . . .,t N )-[zi,. ..,zn,c] = [hzi,. . .,t N z N ,c] (2.23) 
for all (t\, . . . ,tj^)eT N , (z\, ■ ■ ■ , zn)eXJ^, and ceC. We denote by 

EY N x triv L p — > ET N x t jv X T M 

the induced line bundle. Another lift is given by 

(*l, . . .,t N )-[zi, ...,z N ,c] = [t 1 z 1 , . . . ,t N z N ,tjc] (2.24) 

for all (ti, . . . ,tN)eT N , (zi, . . . ,zn)^X t m , and ceC. We denote by 

ET N XjL p — > ET N x t n X T M 

the induced line bundle. These line bundles are related by isomorphisms 

(ET N x tTiv L p )®(ET N XjLo) s ET N Xj L p , (2.25) 
m N XjLo s pr 1 7T*0 P =o(-l), (2.26) 

where pr x : ET N XjnXJ^j — > (P 00 )^ denotes the natural projection. The first of these follows by 
considering the isomorphism 

L P ®L — >L P , [z,ci]0[z,c 2 ] — >[z,cic 2 ] \/ ze Xl 4 ,c 1 ,c 2 eC 

which is T^-equivariant with respect to the action on L p (x)Lo obtained by tensoring (|2.23|) 
with ([2.240 and the action (|2.24p on L p . The second is given by 

ET N XjL 3 (e,z,c) — > (e,z,cej) e pr^vr*0 P oo(-l) V e = (ei, . . . , e N )eET N , zeX T M , ceC. 
For all je[N],ie[k] and with 7, defined by ([2.160 . let 

[T> J ] = ET N x j L. M ., "f i = ET N x triv 7j; ^• = c 1 ([D j ]), Xi = c^l) e H* N {X T M ) . (2.27) 
For each JeY^, the inclusion [J]<— >X^ induces a restriction map 

• (J), ■ \j : Hj N {X T M ) — > Hj N ([J]) =s Hj N . (2.28) 
By ([2TT71) . ([2T25D and ([236]) . 

k 

X n J V i e [^]- ( 2 - 29 ) 
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For each j e [N], the section f|2. 15j> of L-Mj — * X T M ^ s T -equivariant with respect to the ac- 
tion (|2.24p and thus induces a section Sj of [Dj] over ET N x jnXJ^. If Je "f^ and j e J, Sj does 
not vanish on ET N x t jv [J] and thus 



M 



Uj{J) =0 VjeJ. 



(2.30) 



On the other hand, if JeS]^, with E T M defined by (|2.18|) . then ©j e jSj is a nowhere zero section of 
Q) je j[Dj] and thus 

=> Y\ Uj = 0eH* N (X T M ). (2.31) 



Je£- M 



Proposition 2.21. Let (M,t) be a toric pair. 
(&) IfJ=(j 1 <...<j k )e^, 

hci(J) x 2 (J) ... x k {J)^j = (a jl a j2 ... aj^Mj 1 . 
(h) With Xi and uj defined by \2.21 ), 

Q[a] [xi,x 2 , ■ ■ .,x k ,u 1 ,u 2 , . . -,u N ] 



Hj N (X M) 



uj - 2 rriijXi + ay, 1 j N 
i=i 



(2.32) 



If in addition PeHj N (X]^), then P = if and only if P{J) =0 for all JeY^j. 



Proof, [(a)] This follows from (ET291) and (f!O0"jK 

(6)1 By Remark [2TT51 there exists £ c (1?®) k such that {H p : p e 75} is a Q-basis for H*(X T M ). 
The map 

H\X T M ) 3 H p — > x p e ff^Xj, ) V p e £ 

defines a cohomology extension of the fiber for the fiber bundle ET N XjnX^j — > (F co ) N . Thus, by 
the Leray-Hirsch Theorem |Spa[ Chapter 5], the map 



H* N ®H*(X T M ) 3 P <2) H p — > Px p e H; N (X M/ 



Vpe/5 



is an isomorphism of vector spaces. The relations in fj2.32f> hold by (|2.29j) and (|2.31j) . We show 
below that there are no other relations and simultaneously verify the last claim. 

Suppose P e H* N (X T M ),P{J) = for all J e Y^. By \(n)\ in Definition EEJ any element P of 
H* N (XJrf) is a polynomial in m,... ,ujy with coefficients in Q[a]. If JeY^ and je[N] — J, then 



Uj{J) 



cti=0 VieJ 



-Oij 



(2.33) 



by (|2.29p and (a) By (|2.30j) and (|2.33p . whenever u" 1 . . . u" s s is a monomial appearing in P and 
Je {ii, ■ ■ ■ ,i s } <~^J ■ This shows that 



PeH* N {X T M ),P(J) = Q ^Je% 



M 



PeH' 



where H' is the ideal 

(u h ...u iB : {i 1: ...,QnJ^0 V Je^^j <-q[a][u 1: . . . ,u N ]. 
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Since H' c (Y\ je j Uj : JeS T M ) by Lemma E^gj 

By (H3H), this implies that P = e ff* A (X^) if P( J) = for all Jef^. □ 
For every JeY^, let 

</>j= n 

i£[JV]-J 

By (l2TT9|) and ([230]) . 

0j(J) = 6(^*1,), 0j(/)=O V/e^-{J}. (2.34) 
Thus, by the Localization Theorem ([2.22ft . 

f P<t>j = P{J) VPeH*„(Xh),Jef%, (2.35) 

i.e. 4>j is the equivariant Poincare dual of the point [J]eX^. 
2.4 Examples 

Example 2.22 (the complex projective space p^ -1 with the standard action ofT N ). If 

Ms(l 1 ... 1 l)6R" and r e R >0 , 

then 

m :C N —^R, f i M (z) = \z 1 \ 2 + ...+\z N \ 2 , P T M = {ve(R>°) N : Vi + ... + v n = t} , 
(M,t) is a minimal toric pair, XJ^ = C N — 0, 

TV 

XX, = P^ 1 - (S^H^/S 1 , H; N (F N - 1 ) s Q[a 1 ,...,a^][x]/n^-«fc)- 

fc=i 

Example 2.23 (f/ie Hirzebruch surfaces F fc = P(0 P i ©C P i(/c))). If k>0, 

/0 1 l\ / 1 \ 

then 

(£l,t 2 ) ' (zi,Z2,Z 3 ,Zi)=[t2Zi,t2Z2,tiZ3,tit^zA , 



,*:C«^R>, f-W - (h^V^P ) . 
P£r = (ue (IR 550 ) 4 : u 3 +« 4 = l, vi+u 2 +A;u4 = A;+l^ , 
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(M, t) is a minimal toric pair, 

X T M = C 4 - (<C 2 x OuO x C 2 ) , X T M = Xlf/T 2 . 

The map 

X T M ^>¥ k , [zi,Z2,z 3 ,Z4] — ► [[z!,z 2 ],z 3 , ((zi,z 2 )® fe — > , (2.36) 
is a T 4 -equivariant biholomorphism with respect to the action of T 4 on given by 

(.h,t 2 ,t 3 ,U) ■ [[z 1 ,z 2 ],z 3 ,ip]= [t 1 z 1 ,t 2 z 2 ],t 3 z 3 , (hy 1 ,t 2 y 2 ) m — > t^cp ((yi,y 2 )® k ) 

V[zi,z 2 ] eP\z 3 e C,ipeO P i(k)\ L 

By Proposition 12.141 

Q[H 1 ,H 2 ,U 1 ,U 2 ,U 3 ,U 4 ] 



21, Z 2 J 



(Ui - H 2 , U 2 - H 2 , U 3 - Hi, U 4 - Hi - kR 2 ) + (UiU 2 , U3U4) 
Q[Hi,H 2 ] 



(H 2 ,H! (Hi + fcH 2 ))" 

Since the toric hypersurfaces D 2 and D 3 defined by (|2.12p intersect at one point, 

HiH 2 = U 2 U 3 = 1, H 2 = -A:HiH 2 = —k. 

The isomorphism (12.36H maps D4 onto Eq and D 3 onto E^, where 

Eq = image of the section (1,0) in F&, 
Eco = closure of the image of (0, a) in F&, 

where a is any non-zero holomorphic section of Opi(/c). 

Since = {(1,3), (1,4), (2,3), (2,4)}, by Corollary EJH the T 4 -fixed points in X T M are 

[1,0, 1,0], [1,0, 0,1], [0,1, 1,0], and [0,1,0,1], 

while the closed T 4 -fixed curves are all 4 toric hypersurfaces D±, D 2 , D 3 , and Z) 4 . By Proposi- 
tion EZ^MJ 

, w n_ Q[ui,a 2 , a 3 ,o 4 ] [xi,x 2 ] 

n T 4 \<H k) = -7 ; 

l(x 2 - ai)(x 2 - a 2 ), (x\ - a 3 )(xi + kx 2 - a 4 " 

Example 2.24 (products). Let (Mi, ri) and (M 2 , t 2 ) be (minimal) toric pairs, where Mj is a kjxNj 
matrix. Define 

'Mi 



^^-1 M 2 

Then, (Mi ©M 2 , (ti,t 2 )) is a (minimal) toric pair, 

p(n,r 2 ) _ pn pr 2 j v(n,-r 2 ) _ y 7 " 2 

jr Mi©M 2 ~~ r M x r M 2 i dI1U Mi©M 2 — ^Mi x ^M 2 - 

The projections 7Tj : <£ N i+ N 2 — ><C Nj induce a T^+^-equivariant biholomorphism 

^ [*] ^> [**(*)]) 6 X X- , 
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where the action of T Nl+N2 on X^ xX^ 2 is the product of the standard actions of T^ 1 on X 
and of T^ 2 on X^. By and Lemma Ej pfff) 



Tl 

Mi 



(/( T l,-r 2 ) 
hh®M 2 



Thus, by Corollary EjSg^jJ the T Nl+Ni -fixed points of -Xjgg)i a are the points ([h], [I 2 ]) for all Ije 
> with [Jj] defined by (|2.13p . By Corollary I2.2C|(6)| and the second statement in Lemma I2.4|(6)| 

the closed T^+^-fixed curves in X^]'^ 2 },^ are all curves of the form C\ x [I2] and x C2, where 



L Mi®M 2 

Cj is any closed T^' -fixed curve in X^. and Ij^Y^j, is arbitrary. 



In particular, 



jATi-l 



X . . . X 



is given by the minimal toric pair 





iVi 


columns 


N s 


columns 








( 11 


...11 







...0 


\ 









...0 







...0 




s rows< 

















...0 







...0 








V 


...0 




1 1 


• ••11 


/ 



w 



>0\s 



(M >u ) 



(2.37) 



By Proposition 
Remark 2.25. Let a : [N] 



[aS i) ,l<i<s,l<j<^i][xi,...,xJ 




(2.38) 



[iV] be a permutation and (M, r) be a (minimal) toric pair. Let 
M a ={m ia{j) ) lM =Mold a 



be the matrix obtained from M by permuting its columns as dictated by a. Then (M°",t) is a 
(minimal) toric pair as well and Id CT induces a biholomorphism between X M and X T M<J (since 
^M a =/"Af°Id CT ) equivariant with respect to 



T 



N 



T 



N 



(.h,h, ■ ■ • ,*jv) — * ( 



! *<r(jV), 



In particular, taking k = in Example 12.231 gives - via (|2.37[) 
corresponding matrices differ by a permutation of columns. 



1)1 as expected, since the 



3 Explicit Gromov-Witten formulas 

For the remaining part of this paper, X T M is the compact projective manifold defined by (|2.2|) . where 
(M, t) is a minimal toric pair as in Definition 12.11 Theorem 13.51 in Section T3.2I below computes the 

T T T 

one-point GW generating functions and Z„ of (|1.8p if t]eH*(X m ) is of the form r/ = H p , where 
{Hi, . . . ,Hfc} is the basis for i? 2 (X^;Z) referred to in Proposition 12.141 and 

HP = Hf ...Hf \fp = ( Pl ,...,p k )e(Z^) k . 
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We denote 

Z p = Zhp and Z p = Z^p. (3-1) 

Section 13,11 constructs the explicit formal power series in terms of which Z p and Z p are expressed 
in Theorem l3.51 Throughout this construction, which extends the constructions in \Z1\ Section 2.3] 
and \PoZ\ Sections 2,3] from p™ _1 to an arbitrary toric manifold X T M , we assume that 

v E (d)>0 VdeA, (3.2) 

with ve as in (|3.3p . and identify 



H 2 (Xl 1 ;Z)^Z k 

via the basis {Hi, . . . , H^}. Via this identification A^->Z fc , with A as in (jl.5p . 
3.1 Notation and construction of explicit power series 

If R is a ring, we denote by i?f[^"f] the ring of formal Laurent series in h^ 1 with finite principal part: 

i2pq| ^[[/r 1 ]] + r[h]. 

Given f,geR\\K^ and seZ^°, we write 

f^g mod fT s if f-g e R[h] + j ajTT* : a^e V j e [s-1] | . 

If i? is a field, we view R{K) as a subring of -R[f^H by associating to each element of R{K) its Laurent 
series at h~ l = 0. 

With the line bundles Lf as in f j 1 . 4 [) and IL,- as in (|2.16p and d e [X T M ; Z) , we define 

£>,(<!) = <U„d>, L±(d) = < Cl (L±),d>, 

u E (d) ^ £ (d) - ^ L+ (d) + 2 L" (d) .| (3 ' 3) 

j—l i—l i=l 

If in addition Y a X is a one-dimensional submanifold, let 

D 3 {Y) = Dj ([Y] X rJ , Lf{Y) = Lf ([Y] Xh ) , 

where £ H2(X T M ;'L) is the homology class represented by Y. By ()2.20p . our assumption 

(I22|), and Footnote 

a b 

Cl (TXlf) - 2 Cl (L+) + 2 d(L7) e TC M . 

i=l i=l 

Thus, if Ej^E + , then Xj^ is Fano. In this case, the Cone Theorem [La} Theorem 1.5.33] implies 
that the closed R-cone of curves is a polytope spanned by classes of rational curves. By \L&\ 



Proposition 1.4.28] and |La|, Theorem 1.4.23(iV|, this closed cone is the R-cone spanned by A. 
Thus, L7(d)<0 for all deA-{0} and all ie[b]Q 



3 By (|1.4|l and (|2.20|l . !/s(d) = (c\ {T(E |y)),d^> if Y is a smooth complete intersection defined by a holomorphic 
section of E + and T(E~\y) is the tangent bundle of the total space of E~\y- 

4 In the notation of [La], A^pfX/V = H 1 ' 1 {X T M ) n H 2 (X T M ;R) as can be seen from Poincare Duality, Lefschetz 
Theorem on (1, l)-classes, and Hard Lefschetz Theorem. 
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Let R be a ring. Similarly to Section [LT| we denote by i?[[A — 0]] and R[[A;i>e = 0]] the 
subalgebras of -R[[A]] given by 

R[[A-0]] = J J] a d Q d e fl[[A]] : a„ = 1 , 
UeA J 

H[[A; ^ = 0]] = | 2 «dQ d £ i2[[A]] : a d = if i/ B (d) ^0 1 . 

UeA J 

In some cases, the formal variables whose powers are indexed by A within i?[[A]] will be denoted by 
Q= (Qi, . . . , Qk) as in Section [T!T| while in other cases the formal variables will be q = (qi, . . . , qk)- 
If /ei?[[A]] and deA, we write [/J^d £ -R f° r the coefficient of q d in /. By Proposition I2.16| the 
set {seA : d— seA} is finite for every deA; thus, 

/ e R[[A]] is invertible lf} q -o e R is invertible. 



If f= 2 f d q d £R[[A\], we define 
deA 



[/L B =o= S /d9 d ei?[[A;^ = 0]]. 



deA 

^ B (d)=0 

Let A = (Ai,. . ., A*) be a tuple of formal variables. If f= Y l fd(A)q d eR[[A]][[A]] and p > 0, we 

deA 

write 

[/lA;p=2[/d(A)] A;p g d e J R[A] p [[A]] ) 

deA 

where |[/d(A)]] A ei2[A] denotes the degree p homogeneous part of /d(A) and i?[A] p the space of 
homogeneous polynomials of degree p in Ai, . . . , A& with coefficients in R. Finally, we write 

|p| = Pi+P2 + ■■■+Pk Vp= {pi,p 2 ,...,Pk)e{Z >0 ) k . 

For each deA, let 



n n (zmijAi+sh) 

je\N] s=D,(d) + l \i=l / 



je[N] s=£> 3 -(d)+l 

U(d; A, h) = Dj(d)< ° — — — — e Q[A« . (3.4) 

n n (s m *j A * + ^ 

je[Af] 3=1 \i=l / 
-Dj(d)>0 

By Proposition 12.171 the line bundles 7* of (|2.16p form a basis for the Picard group of XJ^. Thus, 
there are well-defined integers such that 

Lf = 7 f"®---®7^- (3-5) 

With A and d as above, let 

a L+(d) / k \ b -L-(d)-l / fc 



a ^i(d) / fc \ b -ij l.dj-1 / fc \ 

^(d;A,^^nn xx + a+^ n n ixa-^ 

i=l s=l \r=l / i=l s=0 \r=l / 

a L+(d)-l I k \ b -Lr(d) / k \ 

^(d;A,^=n n 2^+A r +^ m n z^-** 

i=l s=0 \r=l / i=l s=l \r=l / 
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The formal power series computing Z p and Z p in Theorem 13.51 are obtained from 
Y(A, M = 2 Q d U(d; A, ft)£(d; A, ft) e QL4] [[ft" 1 , A]], 

deA 

Y(A,h,q) = ^q d U(&,A,h)E(d;A,h)e®[A][[h- 1 ,A]]. 



deA 



We define 
and so 



I (q) = Y(A,H,q) mod T 1 , I (q) = Y(A, ft, q) mod T 1 , 

n (Ltm 



(3.7) 



(3.8) 



I (q) = 1 + 5 6i0 J] g 1 



di=l 



JV 



dsA-o, ^ B (d)=o rr m,(d)!) 



7 (g) s 1 + 2 <f 

deA-0, i/ £ (d)=0 
D,(d)>0 Vje[Af| 
it(d)=0Vie[o] 



•i) 



K-w.na-irw)!) 



TV 

n (A(d)o 



We next describe an operator D p acting on a subset of Q(A, ft)[[A]] and certain associated 
"structure coefficients" in Q[[A]] which occur in the formulas for Z p and Z p . Fix an element 
Y(A, ft, q) of Q(A, K)[[A]] such that for all deA 



mA,ML ;d 



/ d (A,ft) 



U9;d » d (A,n) 

for some homogeneous polynomials /d(A, h),g<i(A, ft)eQ[A, ft] satisfying 



/o(A, ft) = 5o (A, ft) , deg / d - deg # d = -^(d), 



9d 



A=0 



^0 VdeA. 



(3.9) 



This condition is satisfied by the power series Y and Y of (|3.7p and so the construction below 
applies to Y = Y and Y = Y. We inductively define 

J p (y)eEndQ [[A ., B=0]] (Q[[A;^ = 0]][A] p ) VpeZ>°, D P F(A, ft, <j) e Q(A, ft) [[A]] Vpe(^°) fc 
satisfying 

(PI) for every pe(Z>°) k with |p|=p, [{ J p (Y)}(AP)} q . = A p ; 

(P2) there exist c£JsC&i(Y) 6 Q[[A]] with p,re(Z >0 )* and seZ>° such that 



D p y(A, ft, (z) = ft |p| 2 2 c<,%)A r ;r« , 



C 



(r) 



q;d 



if 5^i/ B (d) + |r| 



C 



(r) 



<W<5|r|,s if S<|P|> 



C 



(r) 



q;0 



(3.10) 
5p, r . (3.11) 
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By (|31|), we can define J (Y) e Q[[A; i/ E = 0\] and D°yeQ(A, H)[[A\] by 

{J (Y)}(l) = Y(A,h,q) mod r 1 , D°Y(A, ft, g ) ee [{ J (y)}(l)]- 1 Y(A, H, q). (3.12) 

Suppose next that p^O and we have constructed an operator J P {Y) and power series D p Y for 
all p'e(Z^°) fc with |p'| = p satisfying the above properties. For each pe(Z^°) fc with |p| =p+l, let 



D p y(A, h, q) = ^ ^ l A * + 1 D p - e ^(A, h, q) e Q(A, ft) [[A]], 

[J p+1 (y)}(AP) = fDPy(A,fi,g) mod fir 1 ] 

IL Jl A;p+1 



(3.13) 



where {ei, . . . , e/J is the canonical basis for By |(P2)[ 



(j p+1 (y)}(AP) 



i 



Isupp^pj 



E 



|supp(p) 



iesupp(p) 



E 

|r|=p+l 



X! C p-e l ,p A ' " Ar + XI ' 
|r|=p |r|=p+l 



dC 



(r) 

p-e,;,p+l ^ r 



dqi 



V [ pc(r-ei) 
iesupp(p) \ 



dC 



Qi- 



p-e,,p+l 

dqi 



(3.14) 



where we set C 



(r-ej) 



p _, if i^supp(r). By (f37T4"j) and (I3TTT]) . 

J p+1 (y)}(AP)eQ[[A;^ = 0]][A] p+1 and [{ J p+1 (y)}(A p )fl 9 . = A p ; 



(3.15) 



in particular, J p+1 (Y) is invertible. With c p;p /(g) eQ[[A; ve = 0]] for p, p' e (Z >0 ) fc with |p|,|p'| = 
p+1 given by 

{^(^^(AP)- X w(g)A p ', (3.16) 

p'6(Z> )*,|p'[=p+l 

we define 

DPy(A,M)= 2 w( (7 )DP'y(A,fi,g). (3.17) 

p'e(Z»°) fe ,|p'|=p+l 

By (|3.17p and the inductive assumption (|3.10p . 



D p y(A, H, q) = h p+1 X X C p r) s (g)A r /r s , where 



c 



(r) 



E 



|supp(p')| 



p'e(Z»°) k ,\p'\=p+l'~ n j esupp (p/) 



p(r-ei) 

^..-l + ft— ^ 



where we set C^_g a _ 1 = if i^supp(r) or s = 0. By the first property in (13. lip with p replaced 
by p' — ei with |p'| =p + l and i e supp(p'), C p , s satisfies this property as well. By the second 
property in (|3.1ip with p replaced by p' — ei with |p'| =p+l and i e supp(p') 



(3.18) 



C 



(r) 



if 



s^p. Since C pp+1 = 5 P , r whenever |r| =p+l by (|3. 18[) and ()3.16j) . Cp' s also satisfies the second 
property in ()3.11j) . By the second statement in (|3. 15[) and (|3.16p . [c p;I y] Q = 5 p , p '. Thus, by the 
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third property in (|3.1ip with p replaced by p' — e, with |p'| =p + l and zesupp(p'), Cpl satisfies 
the last property in (|3.11|) as well. 

Define Cp ) s = Cp ) s (y)eQ[[A]] for p,se(Z>°) fc and reZ^ with |s|<|p|-r and r<|p| by 



E 2 C?icW +p _ t = Vre(Z>")Mr|<|p|-r. 

\a\*z\p\-t 



(3.19) 



~( r ) 

Equations f|3. 19j) indeed uniquely determine C ps , since 



V V r ( ) r (r) -V V r w rW 4. V r^rW , r 

Zj Zj %,s^s,|r|+r-t ~ Zj Zj ^pAs,|r|+r-i + Zj U P:S U s,|rj + U 

t=O se (^0)fc t=O se ( Z ^0)fc SG (Z S50 ) fe 

|s|«S[p|-t N|^|p|-t |s|<|r| 



r-1 



',(*) n (r) 



(r) 
p,r ! 



as follows from (|3.11|) . By (|3.19p together with the first and third statements in (|3.11|) . 



C 



(r) 
p.s 



q;0 



By (pngD , dSZHD , and induction on |s| 



(3.20) 



(3.21) 



Cp 0) s (g) = 5 P ,s Vp,se(Z>°) fe with | B |<|p|. 
By (|3.19|) . ()3.20p . the first statement in ()3.11j) . and induction on |s| and r, 



(3.22) 



C 



(r) 
p.s 



if v E (d) ^ r. 



(3.23) 



Remark 3.1. With Y, Y as in (ET71) and I , as in (|31? 



J (F)}(1) =J (g), D°F(A,a,g) 
Jo(Y)} (1) = I (q), V Y(A,h,q) 



-Y(A,h,q), 



1 ~Y(A,h, 



lob) 



by ([312]). 
Define 



Ai + ?igi — 
dgi 



pi 



Pk 



Ak + h<lk dq~J Vp- (/) ,... )ft )e(Z^ 



Remark 3.2. If z^(d) > for all d e A-{0} and Y(A,h,q) e Q(A, ft)[[A]] satisfies <$J%, then 
J P {Y) = Id for all peZ>° by |(P1)| above. Along with the first equation in (f3TT3]) . (l3~T6|) . (|5T7jt . and 
induction on |p|, this implies that 

B p Y(A,h,q) = S.A + hq^-\ P Y(A,h,q) 



l dqj 



for all pet 
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Remark 3.3. Suppose p* e I? , Y(A, h, q) e Q(A, h) [[A]] satisfies (|3T9]), and 
deg ft / d (A,ft) -deg fi5d (A,/0 < -p* VdeA-{0}. 
By the same reasoning as in Remark 13.21 we again find that 

J P (Y) =Id, D p y(A, /i, g) ee |A + / l ( Z ^| P y(A,/ l ,g), 

for all peZ^° and pe(Z >0 ) fc such that p, |p| s^p*. 

Remark 3.4. Let (M,r) be the toric pair of Example with N = n so that XJ, =F l_1 . Let 

i=X i=l 

with a, 6 ^ 0, ^ + > for all ie [a] , €~ < for all ie [6] , and f] £+ - £ C < n - Tnus ' 

i=l i=l 



for all deZ^ . By (|37FD . 



i=l i=l 



oo nn (t+A+sh) n n (ca--«) 

di=ls=l i=l s=0 



y(A,M) = J] 9' 

By Remark 13.31 



|^ (A+ S fr) n 

s=l 

a £+d-l & -i~d 

oo n n k + a+^) n n (^a-^) 

,cii=l s=0 i=l s=l 



d =° n (A+s^) n 

8 = 1 



,A1 P 



J p (Y)=ld, T> p Y(A,h,q) = ^A + hq—j Y(A,H,q) Vp<6, 

f d ) p " 

J p (F) = Id, D p y(A,/i,g) = |A+/ig— I F(A,n,g) Vp<a. 



if s ^-ic <n > then 
i=i i=i 



j p (y), j p (r) = id, D p y = |A+/ig— j y, D p y = |A+ft g — j y 
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for all p by Remark 13.21 If Yi K~ 2j =n ' then we follow |PoZl (1.1)] and set 

i=l i=l 



F(w, Cj 
MF(w,^ 

By (I3TT3|) and (I3TT71) above, 



oo n n (4 

Zj y d 



b 

w+r) EI 11 (*i w-r) 

i=l r=l 



r=l 



J p (y) = J p _ 6 (g)Id, DPy(A^, 9 ) = Af— — -M^F l-,q\ Vp^tb, 



I P -b(q)' 
1 



A 



J P {Y) = I p - a (q)U, T>PY(A,h,q) = A^j—^M^F (-,<?) Vp^a. 



A 



(3.24) 



3.2 Statements 

The statements and proofs of the theorems below rely on the one-point mirror formula (|5.2p below, 
which is proved in [LLY3 . We begin by defining the mirror map occurring in this formula. 
For each ie [k], let 



/*)=;+- 

Io(q) deA 
u E {A)=0 



d]U(d;A,l)E(d;A,l] 



8Ai 



A=0 



eQ[[A-0]], 



(3.25) 



with Io{q) defined by f|3.8|) . The mirror map is the change of variables q — >Q, where 



(Ql,...,Q k ) = ( gi e^\...,q k e^ 



Finally, let 



'6,0 



Hq) 



n (^ + (d)!) 
2 q dl -^ 6QP-0]]. 



(3.26) 



(3.27) 



deA, u E (d) = l FT (AW) 
Dj (d)>0V je[N] / = \ V n ' ' 

Theorem 3.5. If ^(d) ^0 /or a// deA, i/ien Z p and Z p of \3.1\) and /ll.8\) are given by 



Z P (H,Q) = e 

TT 

Z p (h,Q) = e 



G(<?)+£ H,/,(9) 

i=l 



G(q)+S Hi/i(?) 

i=l 



y p (H ) fi )g )6ff*(^)[/i- 1 ][[A]] > 
y p (H,/ l ,g)e J ff*(Xl,)^- 1 ][[A]], 
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where 



with C 



Y p (A,h,q) = D p Y(A,/i, 

Y p (A, h, q) = D P Y(A, h, 

x(r) 



S 2 cJ i ) B (g)nlPl- r -l"lD'y(A j n jg )6Q(A^)[[A]] ) 

r=l |s|=0 

S 2 ep, ) s (g)^ |p| - r - |s| D s y(A,/ l , (Z )eQ(A,/ l )[[A]], 

r=X |s|=0 



(3.28) 



p,s 



C^Y) and 



C p s (y) defined by 113.19)) , Q and q related by the mirror map 



[lib)) . G and given by tfFWfy and (MW > and the operator D p defined by HAS]) and | f07| ). 
If |p| <b, D P Y = {A + hq±}PY and 6^ = /or a// re[|p|]. // |p| <a and L+(d)>l for all 

»6 [a] and deA-{0} ; i/ien D P Y = {A + frg^^Y and C ps = /or a//re[|p|]. 



This follows from Theorem 14.71 together with (|4.18|) and (EP1) below; Theorem 14.71 is an 
equivariant version of Theorem 13.51 

Remark 3.6. In the inductive construction of D P Y with Y = Y or Y = Y, the first equation in 
(|3.13p may be replaced by 



D p y(A,ft,g)= 2 c p J 



d 



iesupp(p) 



-h qi — \T>v- e *Y{k,h,< 



.MM 

for any tuple (c p; j)j esup p(p) of rational numbers with J] c p; j = l. The endomorphism J p+ i(Y) 

iesupp(p) 

and the power series D P Y defined by the second equation in (|3.13|) and (|3.17|) in terms of the new 
"weighted" D P Y satisfy (PI) and |(P2)] by the same arguments as in the case when c F • 



-p;* |su PP (p)| 

for all i e supp(p). Therefore, f|3. 19|) continues to define power series C ps (Y) in terms of the 

new weig hted" C p r) s (y). The resulting "weighted" power series Y p of (|3.28p do not depend on the 
"weights" c p; j as elements of -£f*(AT^)[[7i]l[[A]]; this follows from Remark 14.101 

Corollary 3.7. If v E {d)=0 oru E (d)>\p\ for a//deA-{0}, then 



Z p (h,Q) = e 



G(q)+ S Bifi(q) 



D p y(H,^,g), Z p (h,Q)=e 



G(g)+S KifM 



D P Y(H,M), 



with Q and q related by the mirror map /13.2b}) and G and fa given by {3. 21 ) and (E 



This follows from Theorem 13.51 together with (|3.23|) . 

Let pr i :X^xX] VI — *X T M denote the projection onto the i-th component. 

Corollary 3.8. Let g ps e Q be such that ^ <7psP r *H p pr|H s is the Poincare dual to the 

\p\+\s\=N-k 

diagonal class in X T M , where N — k is the complex dimension of X T M . If N > k and ve{<1) > N — k 
for all deA — {0}, then the two-point function Z of {1. 7| ) is given by 



Z(hi,h 2 ,< 



1 

hi + h 2 



2 g ps wt{n+hq-^ y(H ) ^,g)pr*|H+n 2 g^| Y(H,/i 2 , 



p| + |s|=iV-A: 
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This follows from Theorem 11.21 Corollary 13.71 anci Remark 13.21 
Remark 3.9. If 

a / k \ 

n 



then 



n s 

i=l \ r =l 



z*(h 1 ,h 2 ,Q) = z*(h 1 ,n 2 ,Q)pvtP(E), 



where pr x : J]|XXJ f — *-^m * s the projection onto the first component, while Z* and Z* are as in 
Remark 11.31 Via Theorem 11.21 this expresses the two-point function Z* in terms of the one-point 
functions Z^, Z„. In this case and if ^(d) ^0 for all de A, Z* can be computed explicitly in terms 

T TT 

of Y and Y via Theorem 13.51 

We next use an idea from [CoZj to express Z* in terms of one-point GW generating functions 
and then show how to compute the latter in the b > case. If prj : X T M x X T M — > X T M and g ps e Q 
are as in Corollary 13.81 then 



Z*(h U th,Q): 



where 



1 



hi + h 2 



^ g JpTtR^T*Z*(h 2 ,Q)+pxtZ;(hi,Q)pTfz s (h 2 ,Q)\, (3.29) 



|p|+|s|=JV-fc 



Z;(h,Q)= 2 Q d ev u 



deA-0 



e(V £ )ev|H p 
fr-ipi 



£H*(X T M ) [hT L ][[A]\ 



and evi : 9Jt , 2 (A^,d) — >X T M . This follows from 

We next assume that b> and z^e(d) ^0 for all de A and express Z*(h, Q) in terms of explicit 
power series. Along with (|3.29p and Theorem 13.51 this will conclude the computation of Z* . 

With U(d;A,h) given by ([33]), we define 



a L+(d) / k \ b -L. (d) / k \ 



(3.30) 



deA 



j=l s=l \r=l 



8=1 s=l \r=l 



As Y satisfies ([5^ . we may define T> P Y and cjj = C^Y) by (I3T?]) and (l3TT9|) . We define 

~ ' ~ X( r ) ~(r) 

Yp(A,/i, q) by the right-hand side of (I3.28P above, with Y replaced by Y and C ps by C ps . 



Let 



a L+(d)/ k \ b -L i (d)-l/ k \ 

Y*(A,h,q)= 2 g d C/(d;A,n)n f] E^ + s/} H El S CA"^ 



(3.31) 



deA-0 



i=l s=l \r=l 



j=l s=l \r = l 



We define E^eQP]] by 



r , -jP |ph fe |p|— 6— a 

lA + hq— I y*(A,fi,g)s J J] E p r) s A r /f mod T 1 . (3.32) 

1 q ) s=0 | r |=0 
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It follows that 



E 



(r) 
p.s 



q.d 



Z;%q) = e{E + ) 



; unless |p| = b+s+ ^(d) + |r|. Whenever 6^2, 



r j •) p \p\~b\p\-b-s 

)n + hq - y*(H,ft,g)-5] 2 Eji^r(H,ft, g ) 



s=0 | r |=0 

If 6 = 1 and Q and q are related by the mirror map (|3.26|) , 

|p|-6|p|-6-a 



(3.33) 



Z*(H,Q) = e(E + )e 



e(E-)j (q) 



H + ^gAl y*( H ,fi,5)-j] ^E p r >fy r (H,ft, 
g ' ) s=0 |r|=0 



e(^+)HP/ (g) 
ft 



00 ^ 

2 ( n + 1)! 



(3.34) 



n=0 



e(E-)f (q) 

ft 



where 



n W(d)0 

/o(?) - 2 ^ d (-i) Lr(d)+1 (-^r(d)-i)!^ .0 



(3.35) 



dsA-O, i/ B (d)=0 
£>j(d)>0Vi6[AT] 



n Pi(d))! 



Identities (f3733|) and (|333]) follow by setting a = in (j4T35l) and (|Q5]> . 



As in |CoZj . if XT, = ¥ n and 6^2, (|3.33|) can be be replaced by a simpler formula in terms 
of the power series F(w, q) in (|3.24p above. Assume that E — > ¥ n ~ is as in Remark 13.41 and 



E A + - 2 ^ r = ™- Similarly to [CoZ], 

i=l i=l 



R+hq±yY(n,H,q)-EP, if p<6, 

if 



L ip-bii) 

where the right-hand side should be first simplified in Q(H, ft) [[<?]] to eliminate division by H and 
only afterwards viewed as an element in ii'*(P n_1 )[ft _1 ][[<2']]. This follows from Remarks 14.41 and 
3.41 together with Theorem 14.71 By Theorem 13.51 and Remark 13.41 



Z p (h, q) 



H + ag£} P ?(H 



,MP- a F(f,q) 



Ip-a{q) ' 

The last two displayed equations together with ()3.29j) imply that 



if p<a, 
if p^a. 



GO r 



e(V E )evtH Cl ev*H C2 - 



b 

n 

t=i 



(4i+i-6(g)-l) and J Cl+ i_ 6 = J C2+ i_ 6 , (3.36) 



whenever ci+ C2 = n— 2 — a + 6 and with I p (q) defined by (|3.24p ifp^O and I p (q) = l ifp<0. 



3 In this case, fi(q) = £ufo{l) with £ n GZ given by (|3.5[) . 
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4 Equi variant theorems 

In this section we introduce equivariant versions of the GW generating functions Z, Z^, and Z^ of 
(jl,7p and (|1.8p . We then present theorems about them which imply the non-equivariant statements 
of Section 13.21 

With q = («!, . . . , ajv) denoting the T^-weights of Section 12.31 H* N {X\, I ) is generated over 
Q[a] by {xi, . . . ,Xk}] see Proposition 12.211 The classes X{ of (|2.27|) satisfy 



Hj N (Xl/f)3Xi > HjG H 2 (Xm) 



Vie[fc], 



Vie[k], e( 7 *)=x; 

where e( 7 *) is defined by the lift (|2.23p of the action of on X r M to the line bundle 7*. Let 



x 



{x\ , . . . , Xfc) j X P — X^ ' . . . • X 



,J->k 



Vp = {pi, . . . ,p k )e 



The action of T N on X r M induces an action on 9Jto im (X]^,d) which lifts to an action on the 
vector orbi-bundles Ve, Ve, and Ve of (jl.ip and (jl.6p . It also lifts to an action on the universal 
cotangent line bundle to the i-th marked point whose equivariant Euler class will also be denoted 
by ipi. The evaluation maps evj : 9JTo,m(^Xf °0 — > -^M are T^-equivariant. 

With evi,ev2 : ')}Rq^{X t m , d) — > denoting the evaluation maps at the first two marked 
points, let 



Z{hi,h 2 ,Q) 



1^2 



hi+h 2 



2<2 d (evixev 2 ), 



deA 



e{V E ) 



{Hl-lpi) {H 2 -1p2) 



(4.1) 



With evi,ev2 : TIq )2 {XJ^ i , d) — ► X T M denoting the evaluation maps at the two marked points and 
for all t]eH* n (X1 4 ), let 



Z v {h, Q)=7]+ 2] Q d evu 
deA-0 

Z v {h,Q) = r]+ 2_j Q evi, 



e(V g )ev|r? 
e(V s )ev|r/ 



eH; N {Xlf)[[h-\A]], 
eH; N {X T M )[[h-\A]]. 



(4.2) 



deA-0 

In the r] = x p cases, these are equivariant versions of Z p and Z p in (13. ip : 

ip(^,Q) = 4p(^,Q), 2p(n,Q) = Z EP (n,Q)e J ff^(XX f ) [[^ 1 ,A]] 



(4.3) 



T T , 

In particular, Zo = Zi, with OeZ and le H* N (X^). 

Section 14.11 below constructs the explicit formal power series in terms of which Z p and Z p are 
expressed in Theorem 14.71 Throughout this construction, which extends the constructions in [Zll 
Section 2.3] and |PoZl Section 3] from p n_1 to an arbitrary toric manifold XT,, we assume that 
v E (d)>0 for all deA and identify H 2 {X T M ; Z) ^Z k via the basis {Hi,...,H fc } of H 2 (X T M ; Z). Via 
this identification A^->Z fe . 



4.1 Construction of equivariant power series 

T TT T TT 

We begin by defining equivariant versions y and y of the power series Y and Y in (|3.T[) as these 
will compute Z p and Z p in Theorem 14.71 We consider the lift (I2.23P of the T^-action on X r M to 
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the line bundles of (|1.4p and (|3.5[) so that 

k 



A±^e(L±) = 24^- (4-4) 
r=l 

An equivariant version of the power series U(d; A, ft) in (|3.4p is given by 

11 11 (^mjAi-aj + sh) 
je[N] s=Dj(d)+l V=l / 

u(d; A, ft) = gj(d)< ° D . (d) - — e Q[a, A] p| . (4.5) 



By dug), 



II EI 2 myAj-aj + sft 
jefJV] s=l \i=l 



n n 

jfe[AT] s=D 3 (d)+l 

,(d;,,ft) ^ (d)< ° — . (4.6) 

n n («,-+«») 

je[7V] s=l 
£>j(d)>0 



With E(d; A, ft) and E(d; A, ft) as in (j3T6]), let 

y(A, ft, g) = £ q d u(d; A, ft)£(d; A, ft) e Q[a, A][[ft _1 , A]], 
deA 

5>(A, ft, q) = J] A(d; A, ft)£(d; A, ft) e Q[a, A] [[ft -1 , A]]. 



(4.7) 



deA 



In the above definitions of y and y and throughout the construction below, the torus weights 
a should be thought of as formal variables, in the same way in which A of Section 13.11 are formal 
variables. With A replaced by x, y and 5^ become well-defined elements in H* N {X 1 ^. 1 )\\h^ 1 , A]]. 
However, this is irrelevant for the purposes of this subsection and becomes relevant only when we 

T TT T TT 

use y and y in the formulas for Z p and Z p . 

As before, Q a = Q(a). We next describe an operator D p acting on a subset of Q a (A, ft)[[A]] 
and certain associated "equivariant structure coefficients" in Q[a][[A]] which occur in the formulas 
for Z p and Z p . Fix an element 3^(A, ft, q) eQ a (A, ft)[[A]] such that for all deA 

for some homogeneous polynomials /d(A, h),g d (A, ft)eQ[o!,A, ft], symmetric in a, and satisfying 



/o(A, ft) = 50 (A, ft), deg / d - deg g d = -u E (d), g d 



A=o^O VdeA. (4.8) 

a=0 



This condition is satisfied by the power series y and 5^ of (|4.7p and so the construction below 
applies to y = y and 3^ = 5^- We inductively define D p y(A, ft, q) in Q a (A, ft) [[A]] satisfying 
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(EP1) with D p defined in Section EH 



a=0 



0=0 



(EP2) there exist C$3 = C$ s (y) e Q[a][[A]] with p,r e (Z >0 ) fc , s £ Z^°, such that 
homogeneous symmetric polynomial in a of degree — i^;(d) — |r|+s, 

00 

W(A,M) = ^ |P| 2 2 c£(g)A r /T s , 

s=Q r e(Z» )* 



is a 



(r) 



<5 p , r 5 HiS Vp,re(Z>°) fc , 8 eZ >0 



</:0 



By CT . ipn2)> . and since [{^o(3 ; | a=0 )}(l)] „ = 1 by [(PT)| we can define 

^°y(A,n,q)^[{J (y\ a=0 )}(l)]~ 1 y(A,n,q)eQ a (A,h)[[A]]. 



q;d 

(4.9) 
(4.10) 

(4.11) 



Suppose next that p ^ and we have constructed power series ®Py(A,h,q) for all p'e(Z >0 ) fc 
with |p'| = p satisfying the above properties. For each pe (Z^°) fc with |p| =p+l, let 



&y(A,h,q) = - ^ 2 |A l + ? i g^}s) p - e ^(A,^( ? )eQ a (A,n)[[A]], 

X)Py(A,n,g)= 2 W (g)£ p >(A,M), 



(4.12) 



p'e(Z>°) fc ,|p'|=p+l 

where c p;p /(g) e Q[[A; ve = 0]] are defined by (|3.16p with Y = y\ a=0 and where {e\, . . . , e^} is the 
standard basis of Z fc . Since (EP1) holds with p replaced by any p' with |p'| =p, 



® p y(A,n, 



\a=0 



D p (y(A,h,q)\ a=0J 



by (|3.13p ; thus, by the second equation in (|4.12p and (|3.17p . D p y satisfies (EP1) It is immediate 
to verify that D p y(A, h, q) admits an expansion as in (|4.9p . Since [c p;p /] . = <5 P , P ' by the second 
statement in f)3. 15|) and (|3.16p and (|4.10p holds for p — a with iesupp(p) instead of p, (|4.10p also 
holds for p with |p| =p+l. 



By (EP1) (JOS), and iJOl) . 



4Uy)\ a=0 = c&'s [y 



a=0 



(4.13) 



with &pl as in[(P2) 



Define ($J = C$,1 (y) e Q[a][[A]] for p,se(Z 5:0 ) fc and reZ^ with |s|<|p|-r and r<|p| by 



V V r® r^> 

Zj Zj P' s °s,|r|+r- 1 
|s|s;|p|-t 



<Jp,A,o Vre(Z >0 ) fc , |r|<|p|-r 



(4.14) 
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Equations (|4.14p indeed uniquely determine Cp^, since 



r-l 



V V rK*M r ) -V V /^*M r ) j_ V M r )M r ) -lM^ 

Zj Zj P' s s,|r|+r-t ~ Zj Zj P' s S3,]r|+r-t i ~ Zj P' s s,]r| + U P> r ' 



t=O s6 (Z»0)* 
|s]=S|p]-t 

This follows from 



M*S|pM 



SG(Z 5t0 ) fe 
|s|<]r| 



(4.15) 



(4.16) 



which in turn follows from (|4.13p . the second equation in (|3.1ip . and the first property in (EP2) 
By (ITOD and <KW\i . 

(4.17) 



Mr) 

<-p,s 



q;0 



5r>. s 6. 



p.s"r,0- 



By (033D, (|S32D , (1330]) . ffilD . ([USD , and induction, 



(r) 



(4.18) 



By (|iT?]) in the d = case and (jiTC!]) . dUSD, |(EP2)j and induction in all other cases, c£l(q) 

is a degree r— i^g(d) homogeneous symmetric polynomial in a. In particular, C p °s(9) e Q[[ A ]]- This 
together with P~T8|) and (pT22|) implies that, 



Cp°l(l) = <W Vp,se(Z >0 ) ft with |s|<|p|. 
Remark 4.1. By <|^TT|> . ^| Q=0 = ^, 3>| a=0 = ^> and Remark EH 



(4.19) 



s)°y(A,n,q) = -r- — y(A, h, q), v°y(A,h, q ) = J—y(A,n, q ). 

lo(q) low 
Remark 4.2. If u E (d)>0 for all deA-{0} and y(A,h,q)eQ a (A,h)[[A]] satisfies gSJ), then 

®vy(A,h,q) = I^A + hq^-y y{A,H,q) Vp=( Pl ,..., ft )e(Z^. 



This follows by induction on |p| from (|4.12|) since c p;p /(3^| Q=0 ) =( ^p,p' with c p;p / defined by (|3.16p . 
The latter follows since J p (y\ a _ Q ) =Id by Remark 13.21 

Remark 4.3. Suppose p* eZ^°, y(A, H, q) e Q a (A, h) [[A]] satisfies g^l), and 

deg B / d (A,^)-deg R5d (A,^)<-p* VdeA~0. 
By the same reasoning as in Remark 14.21 but using Remark 13.31 instead of 13.21 



® p y(A,n, 

By (|4TT4ll . flUSD , and (03SD, 



d ) p 

A+hq—i y{A,n,< 



if |p|<p*. 



r-l 



|s|^lp|-t 



p,|r|+r 



s,|r[+r— t 1 Zj U P' sU s,|r| + U 

SG(Z^°) fe 
|s|<|r| 



p.r 



(4.20) 



(4.21) 
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if r>l and |r| sS|p|-r. By P~20j) and P~10]) . 

S) p ^(A, ft, g) s A p mod tT 1 if |p|<p*. 
This together with (|4.9p implies that whenever |p| 



CJL=0 if r>l and |r|<|p|-r. (4.22) 
Finally, using (|4.2ip . (|4.22j) . and induction, we find that 

($J = if r>l, |p|<p*, |s|<|p|-r. 

Remark 4.4. Let (M, r) be the toric pair of Example 12.221 with TV = n so that = p™^ 1 and 
E — >P n " 1 be as in Remark E2D By (|4T7|> . 

a b -ITd-l 

oo n n (^a+^) n n oca-^) 

$(A, ft, g) = £ - * =1 i=g , 



y(A,k,q) = J] 



j=ls=l 
a i+d-1 b 

, n n {it^+sh) n n (ca-^) 

di=l s=0 i=l s=l 



d =° n n (a-^+s^) 

j=ls=l 



By Remark 14.3 



® p y{A,H,q) = |a+^^| y(A,H,q) and cMq>)=0 Vp<6, l^r^p, 

W(A,^,g) = |A+n^| P ^(A^>9) and C$$) = Vp<a, l^r^p. 



If S ^-2^<n, then 

i=l i=l 

a b 

for all p by Remark 14.21 If J] — J] £~ = n, then 

i=l i=l 

io(q) { M) i P -b{q) { J 

® a y = TT^\ A+h( lT-\ ® P y= -T^TT \A+hq-Pt® p - l y Vp>a, 

by (I4TT21) and Remark E2D 
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4.2 Equivariant statements 

Theorem 4.5. Suppose (M,r) is a minimal toric pair and pr i :Xl t xXZf — > X T M is the projection 
onto the i-th component. If rjj ,rjj e H^, N (XJ^) are such that 



is the equivariant Poincare dual of the diagonal, then 

1 s 

Z(H 1 ,h 2 ,Q) = hi + h ^ 2j pr * Zr h (fti » Q) P r 2 % (fa , Q) ■ 



(4.23) 



Corollary 4.6. Let (M,r) be the minimal toric pair (EFty so that X T M =Y\ W Ni ~ 1 ,N=Y 1 N i} and 



i=l 



i=l 



i=l 



-fT^I f3 P 1 I is given fry (fff.g&j) . Lei pr. iX^xX^ — > -^m denote the projection onto the j-th 



component. For all i^[s] and reZ* 50 , denote by the r-th elementary symmetric polynomial 
ct[ \ . . . , a jy. . Then, 



in 



Z(h 1 ,h 2 ,Q) 



l 



s 



-l).S"a<;)...aWpr;i ((>li ...,„, ) (ft 1 ,0) P r 2 «Z ((>I ,... iS . ) (fe,0). 



ri+ai+6j=JVj — 1 Vie[s] 
ri,ai,bi^0 V ie[s] 



This follows from Theorem 14.51 as the equivariant Poincare dual to the diagonal in \\ 

i=i 



S r. 



2 (-!>=> VW...4:)pr 1 K 1 ...^)pr|(x 6 1 1 ... 



rj+Oj +6j= AT, -1 V is [s] 
ri,ai,bi^0 V «e[s] 



Theorem 4.7. Let (M, r) 6e a minimal toric pair. If z/£(d)>0 /or a// deA, £/ien ij p and -2p of 
\4-3\ ) an d H-^ are given by 



where 



Z p (h,Q) = e 
Z p (h,Q) = e 



k N 
G(q)+ 2 S aj9j{q) 

fc JV 



r=l [s]=0 

5> P 0r,M) = Wy(x,h,q) + 2 J] ^( g )nlPl- r -l»IS) B y( a; ,n,g), 

r=l |s|=0 



(4.24) 



(4.25) 
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with Cp^ = Cp^(y) and C p s = C„l(y) defined by \4.14\ ), Q and q related by the mirror map \3.2b}) , 
G, fi and gj e Q[[A-0; v E = 0]] Ugiven by \cL2l\j , $£EM) , and i TO]) . and the operator D p defined 



by \4-12 ). The coefficient of q d within each of Cp^ s and Cp^ s is a degree r — v E {d) homogeneous 



symmetric polynomial in ai, ... ,ajsr- 

7/|p|<6, T> p y = {A + hq±}Py andC p r l = for aWre[|p|]. // |p| <a and L f (d) > 1 for all 

ie[a] and deA-{0}, then = {A+hq±} p y and £$3 = for allre[\p\]. 

Corollary 4.8. Ifj>e(Z>°) k and max(|p|, 1) < u E (d) for all de A- {0}, then 

f d } p . - f d ] p - 

Zp{Kq) = ix + hq—\ y(x,h,q), Z p (h, q) = Ix + hq— j y(x,H,q). 

This follows from Theorem 14.71 and Remark 14. 2 [ 
Corollary 4.9. Let g ps eQ)[a] be homogeneous polynomials such that 2 5psP r *2 ;P P r 2 2;S * s 

the equivariant Poincare dual to the diagonal in X T M , where N—k is the complex dimension of X T M . 
If N>k and u E (d) > N — k for all deA — {0} ; then the two-point function Z of h4-l\) is given by 



Z(hi,h2,q) = - 1 V 5 ps pr* \x + hiq^-\ y{x, Hi, q)pv 2 \x+h 2 q 

^1 + n 2 , ,^,^ Ar _, ( dgj ( 



|p| + |s| s£iV— A; 

This follows from Theorem 14.51 and Corollary 14.8 



dq 



y(x,H 2 ,q). 



Remark 4.10. In the inductive construction of D p y with y = y or y = y, the first equation in 
(|4.12p may be replaced by 

&y{A,h,q)= 2 c p .AA i +hq^\v p - ei y{A,h,q)e® a (A,h)[[A]], 

jesupp(p) 1 

for any tuple (c p; j)j esupp ( p ) of rational numbers with ^ c p;i = 1- The power series D p y defined 

IGSUpp(p) 



by the second equation in (|4.12p in terms of the "new weighted" T) p y satisfy (EP1) and (EP2) 
with D p correspondingly "weighted" as in Remark 13.61 This follows by the same arguments as in 
the case when c p; i = | supP ( p )| f° r all iesupp(p). Therefore, (|4.14j) continues to define power series 

C Pi s (y) in terms of the "new weig hted" C p r l(y). The resulting ' 'weighted" power series y p of (14.25h 
do not depend on the "weights" c p; j as elements of Ht N (X^) [[A]] by the proof of Theorem l4.7l 
outlined in Section 15.11 



(4.26) 



Remark 4.11. We define an equivariant version of Z* in (jl.9p . Let 

e(V E ) 

deA-0 



^(Si,fi2,Q)= 2 Q d (e Vl xev 2 ) 



(fti-V'i) {h 2 -ip 2 ) 



furthermore, g j= Q if 6>0 or Dj(d) e {-1, 0} for all deA with ^ B (d) = 0. 
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where evi,ev 2 :OJlo,2(^Xf' d ) — >x li- Since e(VE)ev*e(£ ,+ ) =e(VE)ev*e(£' ), 

Z*(h u h 2 ,Q) W te(E + ) = Z*{hiM,Q)Wie{E-), 
where Z* is obtained from Z, by disregarding the Q° term and pr x : X T M x X r M — > X T M is the 

i—i—i T 

projection onto the first component. This together with Theorem 14.51 expresses Z* in terms of Z T] 
and Z^ in the E = E + case. 

Using an idea from [CoZ], we derive a formula for Z* in terms of one-point GW generating 
functions that holds in all cases. Following [CoZ], we then show how to express the latter in terms 
of explicit power series if b > 0. If pr^ : X T M x X r M — > X T M and g ps e Q[a] are as in Corollary 14.91 
then 



Z*(h U th,Q): 



where 



1 



hi + h 2 



E 



9 P s 



|p| + |s|^iV-A: 



P 4x»pr%Z*(h2,Q)+pr$ZZ(hi,Q)pT*Z s (h 2 ,Q)\ , (4.27) 



deA-0 



This follows from TheoremSSl using that pTl(e(E + )/e(E-)XZ- \Z\ Q . ) =Z*, and 



pr x 



e(E- 
In the XI 



) 2 5ps pr^ p pr2(^s(^Q)-x s )= J] 9ps wlxV 2 Z:(h,Q). (4.28) 



|p| + |s|^A-fc 



jn— 1 



|p| + |s|^iV-fc 



case, (14271) is [CoZl (2.19)] and the proof of the X T M = F^ 1 case of (1428]) in 
[CoZ] extends to the case of an arbitrary toric manifold. 

We give another proof of (I4.28j) . using the Virtual Localization Theorem (j5. 16|) on 9Ho,2(^m , d) 
as in Section [5~4"1 We prove that (|4.28p holds when restricted to [I] x [J] for arbitrary I,Je Y^. 
The left-hand side of (14281) restricted to [I] x [J] is 



e(E+) 



e(E~ 



S 



\p\ + \s\^N-k 



[I] 



2 Q d \- 

deA-0 J[Mo,2(X T M,d)Y 



e(V^)ev|x s ev*( 
h-tpi 



1.29) 



The right-hand side of (|4.28p restricted to [/] x [J] is 

= A_ ^0,2^ 



2 ^ps^ 1 

|p| + |s|<AT-fe 



[I] 



deA-0 ''L 

Since (pi is the equivariant Poincare dual of [I], 



e(V£)ev2X s ev*< 
^-■01 



(4.30) 



25 P sPr^Ppr^ s | [7]><[J] 



p,s 



f pr^/pr^j = f 0j0j = 0j(J) = O VI#Je*£ 



where A(X^) c: V^xV^- denotes the diagonal. Thus, by the Virtual Localization Theorem (|5.16p . 
a graph T as in Section 15.41 may contribute to (|4.29|) or (|4.30[) only if its second marked point is 
mapped into [I]. Finally, (J4.28P follows from the above since 



e(£ H 



e(E-) 



e(V E ) = e(V E ) 



Zr 
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whenever Zy c QJTo^AT^ , d) ^ s the T^-pointwise fixed locus corresponding to a graph T whose 
second marked point is mapped into [/]. 

We next assume that 6>0 and ^(d) ^0 for all de A and express 2*(h, Q) in terms of explicit 
power series. Along with ([4.27P and Theorem 14. 7\ this will conclude the computation of Z* . 

We define 



a L+(d) I k \ b -b i (d) / k \ 

deA i=l 8=1 \r=l / i=l s=l \r=l / 

As 5? satisfies (gSJ, we may define ® p y and cJJ = C ( pl(y) by (ITOJ) and l|P3j> . We define 
3^ P (A, ft, q) by the right-hand side of (|4.25p above, with y replaced by y and C Pi i by C p / S . Let 



a i^W / k \ ft -L. (d)-l / fc \ 

^ A(d;A,»)n n s^Ar+^ n n ixa-^ • 

IsA-O i=l s=l \r=l / i=l s=l \r=l / 

D(>Jin«426Q[a][[A]] by 

r j -v p |p|-6|p|-6-s 

A + ftg— ji*(AAg) = 2 2 4> r 7f mod/j- 1 . 



y*(A,h,q) 



(4.33) 



It follows that 
Then, 



(r) 
p,s 



s=0 |r|=0 

is a degree |p|— 6— s— i/#(d) — |r| symmetric homogeneous polynomial in a. 

\p\-b |p|— 6— s 



3> P (x,^,g) = x + Zig— [ y(x,n, 9 )-e(£;-) j] £ ^W^M), (4.34) 

' 9 ' ) s=0 | r |=0 



where y p is defined by (|4.25[) ; see Section 15.11 for a proof of (|4.34|) . 
Whenever 6^2, 



Z;(h,q)=e(E^ 



x 



. p |p|-6|p|-6-s 
hq^-\ y*(x,h,q)-Y V ^^ftfoft. 

d ^ S =0 |rh0 



(4.35) 



If 6 = 1, 



Z;(/ l ,Q) = e(i? + )e- 



e(g~)/ (g) 



\x + hq—\ y*(x,h,q)-Y Y£^ s h s y r (x,h,q) 



e(S+)xP/o(g) y 1 

(" + !)! 

n=0 v ' 



s=0 | r |=0 

e(E-)fo(q) 



(4.36) 



ft 



with Q and q related by the mirror map (|3.26j) and /o(?)eQ[[A]] given by (|3.35j) . Equations (I4.35|) 
and Km follow from Z* = ^^ (z p -x p \ QZ3fy , and (l434j) . 
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5 Proofs 



5.1 Outline 



In this section, we prove Theorems 14.51 and 14.71 and the identity (|4.34j) . The proofs of the two 
theorems are in the spirit of the proof of mirror symmetry in |Gilj and |Gi2j but with a twist. 
Similarly to [Gil] and |Gi2| . our argument revolves around the restrictions on power series im- 
posed by certain recursivity and polynomiality conditions. The concept of C-recursivity was first 
introduced in [Gil] in the XJ /I = F n ~ 1 case, extended to an arbitrary X T M in [Gi2], and re-defined 
in [Zlj : all these definitions involve an explicit collection C of structure coefficients. Our concept 
of C-recursivity introduced in Definition 15.21 extends the notion of C-recursivity with an arbitrary 



collection of structure coefficients from the X 



M ' 



jn— 1 



case considered in [PoZ] to an arbitrary X 



M' 



The concept of (self-) polynomiality introduced in |Gilj in the X T M =P n ~ 1 case and extended to an 
arbitrary X T M in |Gi2j was modified into the concept of mutual polynomiality for a pair of power 
series in the X T M = P ra ~ 1 case in [Zlj ; we extend the latter to an arbitrary X T M in Definition 15.51 By 
Proposition 15. 6| which extends [Zl, Proposition 2.1] from the X T M = P n ~ 1 case to an arbitrary XJj, 
C-recursivity and mutual polynomiality impose severe restrictions on power series, more severe 
than the restrictions imposed by recursivity and self-poly nomiality as discovered in [Gil]. 

Analogous to [Zlj and [PoZ] . the proof of Theorem 14.71 relies on the one-point mirror theorem 
of |LLY3j . We begin by stating it. The coefficient of ctj/h for je [N] in the Laurent expansion of 



-y 



A=0 



at h = is given by 



9j(q) 



io(q) 



2 — S h 

deA,^(d)=o fr r.D (d)!l \ 5=1 



deA,i/ B (d)=0 
Dj(d)<-1 



n [Ltm 



i=l 



n [D.m 

se[N]-{j} 



(5.1) 



D s (d)>0 Vse[N]-{j} 

By [LLY31 Theorem 4.7] together with [LLY31 Section 5.2], if u E (d)^0 for all de A, then 



Zo(h,Q) 



1 "I 
-e 



k N 
G{q)+ 2 Xifi(q)+ 2 ajgjiq) 
i=l 3 *=l 



y(x,h,q), 



(5.2) 



with Q and q related by the mirror map (322]), G, f h and g 5 defined by (I3T27D . (I3T25D . and (|5TTj) Fl 
Remark 5.1. By (|T7j> . (13371) . and (325]), 



Io(q)G(q) 



o=0 
A=0 



and J (?)/i(?)= y(A,h 



ft ' x 



Vt6[Jfc], 



7 See Appendix |A] for the correspondence between the relevant notation in |LLY3| and ours and detailed references 
within |LLY3j indicating how LLY31 Theorem 4.7] together with [LLY31 Section 5.2] implies (|5.2[1 . 



45 



where [ ]r-x.i and [ Ja^ denote the coefficients of h 1 and 4 1 respectively within the Laurent 
expansion around h~ l = of the power series inside of the brackets. Thus, 



ft" 1 ;! 



Io(q) 



k N 
G{q) + 2 Aifi(q) + J] Ujgj(q) 



Some of the proofs in this section also hold if we replace Q by any field i?3Q. Given such a 
field let 

Ra = Qq ®q -R = R[a\, . . . , aAr]<p : psQ[a]-o> an d Hj N {X 1 M ] R) = Hj N {X] vI ) ®q R. 

An element in H^. N (X]^ ; i?) [[Ti]] [[A]] admits a lift to an element ini?[a, x] \\H^ [[A]] and an element in 
i?[a,x][[frjl[[A]] induces an element in H* N (X T M ; R)\\f^\ [[A]] via Proposition 12.211 Given Y(h, Q)e 
H* N (X T M ; R) p| [[A]] and Je we write 

Y{h,Q)\ {J] or FftQ)^ or Y(x(J),h,Q) e R[a]\\m[A]] 

for the power series obtained from Y by replacing each coefficient of h s Q d in Y by its image via 
the restriction map -(J) of f|2.28|) . 

In proving Theorem 14.71 we follow the steps outlined in [Zll Section 1.3] and used for proving 
Theorem l.ll: 



(Ml) if R 2 Q i s any field, Y, Z e H* N {X T M ; R) [|7t| [[A]] , Z(/t, Q) is C-recursive in the sense of 
Definition 15.21 and satisfies the mutual polynomiality condition (MPC) of Definition [53] with 
respect to Y(h, Q), the transforms of Z(h, Q) of Lemma 15.81 are also C-recursive and satisfy 
the MPC with respect to appropriate transforms of Y(h,Q); 

(M2) if i?2Q is any field, Z e H* N {X T M ; R) \\H\\ [[A]] is recursive in the sense of Definition [O] and 
(Y,Z) satisfies the MPC for some Y e H^(X T M ; fl)pt|[[A]] with {Y (h, Q)\ T ] e R% for all 
IeY^, then Z is determined by its 'mod fr l part' (see Proposition! 



(M3) y p of (|4.25p and Z^ of (|4.2j) are C-recursive in the sense of Definition 15.21 with £ given by 
(pT20D . while of (H~25|) and Z c of are ^-recursive with £ given by (pT20]) : 

(M4) (y,5? P ), (y,y P ), (il,2 c ), and (^i,i c ) satisfy the MPC; 

(M5) the two sides of (|4.24p viewed as powers series in H , agree mod ftr 1 . 

I described below follows the same ideas and extends the proof of 



The proof of Theorem | 
(1.17)]. 

Claims [(M3)] and [(Ml)] concerning Z^ and Z^ follow from Lemmas 15.121 and 15.13} since by the 
string equation of |MirSym] Section 26.3] and (|5.2ip . 

Z^(h,Q) = hZ v ^(h,Q) and Z^(h,Q) = hZ Vy /3(h,Q), 

if m = 3, /?2 = /?3 = 0, 7?2 = C) and r/ 3 = l. 

By Lemmas 15.161, I5.17| and I5.7|, y is (^-recursive and ^ is C-recursive, while (y, y) and (y, y) 



satisfy the MPC. This together with the admissibility of transforms (a) and (b) of Lemma 15.8 
proves claims [(M3)] and [(MI)] for ^ p and y p . 
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Claims |(M3)| and |(M4)| together with (|5,2p . the admissibility of transforms (c) and \(d)\ of 
Lemma l5.8l and Proposition 15.61 prove that verifying (|4,24p amounts to showing that the two sides 
of each of these equations agree mod h ; this is in turn equivalent to (|4.14p . 

Lemma 15.71 Lemma 15.81 and Proposition 15.61 are proved in Section 15.3) the preparations for 
this section and the ones following it are made in Section 15.21 Lemmas 15.121 and 15.131 are proved in 
Sections 15.51 and 15.61 respectively. Both proofs rely on the Virtual Localization Theorem [GraPal 
(1)]. The localization data provided by |Sp| is presented in Section l5~4l Lemmas 15.161 and 15.171 are 
proved in Section 15.71 

Proof of ggP - Define E p eZ with pe (J? Q ) k by 



i=l V=l / pe (Z»°) k 



By g2D and (|4T3T]) . 



e(E-)y(x,h,q) = J] Ep L + hq^Y y(x,h,q). 



(5.3) 



Since y is It-recursive by Lemma 15.161 and (y, y) satisfies the MPC by Lemmas 15.71 and 15.171 
e(E~)y is (^-recursive and (y, e(E~)y) satisfies the MPC by (|5.3p and Lemma l5.^(a) 



This 



together with Lemma [52 faJ^J implies that the right-hand side of (|4.34p is ^-recursive and satisfies 
the MPC with respect to y. Since y p also satisfies these two properties by |(M3)| and |(M4)[ the 
claim follows from [(M2)| and the fact that both sides of (|4.34p are congruent to x p modulo H -1 . 

T **** 1 

The latter follows from the fact that y p (x,h,Q) and y p (x,h,Q) are congruent to x p modulo h~ 
by (ETiip together with (@7fJ), (EL"32l) . and K33| . □ 



Proof of Theorem\4^[ By gJJ, (12351) . and <^2B), 



{h 1 +h 2 )z(h 1 ,h 2 ,Q) 



[J]X[J] 



hih 2 



deA J [ 



e(Vi?)evf0jev|(?!)j 
[OTo, 3 (xj f ,d)] mr {h-^l)(fh-tp2) 



(5.4) 



for all /, Je "3%. Applying Lemmas 15.121 and 15.131 for Z n ^{h\,Q) with 

m=3, /3 2 = n, /3 3 = 0, T] 2 = (j)j, % = 1, 



along with Lemma [5.8j(fc)[ we obtain that the coefficient of /i 2 n m (^-1+^-2)^(^-1; ^-2, Q) is (^-recursive 
with £ given by (15.20P and satisfies the MPC with respect to Zi(h\,Q) for all n^O. Using this, 
Proposition l2T2TflT)| |(M3)[ |(M4)[ and |(M2)[ it follows that in order to prove (j4T23|) it suffices to 
show that 



(h 1 +h 2 )z(h 1 ,h 2 ,Q) 



[j] 



mod h x 1 



(5.5) 
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for all I, Je'Pfyf- By (|5.4p and the string equation, the left-hand side of ()5.5j) mod h-y 1 is 
MJ) + t» £ W e^ev^ev^ 

+ y gdf e(V E )ev^ 7 ev|^j 
l[/]x[J] deA-o J[M , 2 (x If ,d)r r ^2-^2 

where A:X^ — >X T M xX T M , /S[z\ = ([z],[z\). The right-hand side of ([53]) mod fr^ 1 is 



AJ 



(5.6) 



S%| m %(^Q) rn . (5-7) 



[J] 



Applying Lemmas 15.121 and 15.131 for Z ri ^(h,2,Q) with 

m = 3, /3 2 = /3 3 = 0, r\2 = <t>i, r/ 3 = l, 



along with Lemma I5.£|(fc)[ we obtain that (|5.6p is the restriction to [J] of a ^-recursive formal 
power series which satisfies the MPC with respect to Z\(Th2,Q)- Since (|5.7p also satisfies these 
two properties, by Proposition 15.61 the power series (|5.6p and (|5.7p agree if and only if they agree 
mod • The latter is the case since (|5.7p mod fo -1 is the equivariant Poincare dual to the diagonal 
in X T M x X T M restricted to the point [I] x [J]. □ 

5.2 Notation for fixed points and curves 

With as in fl23]) and for all I,Jet^ with \In J\ = k-1, we denote by 

77 = (/ uJ)c X^ and deg77 = [77] [XT ] e A (5.8) 

the P 1 passing through the points [I] and [J] and its homology class, respectively; see Corol- 
lary EJ2QJ Given Iei% and je[N]-I, we denote by 

Ij = X T M (/ u { j}) and deg 7J = [7J] [jrjf] e A 

the compact one-dimensional complex submanifold of X^ defined by Remark l2.10l and its homology 
class, respectively. Since X T M admits a Kahler form, 

deg 77, degTJ e A-{0} 

by [GriHl Chapter 0, Section 7]. By the last part of Remark 12.101 there exists a unique element 
v(I,j) of Y^j such that 

v(I,j)¥=I and v <zlu{j}. 



Since v(I, j)u I = {j}ul, jev(I,j) and Ij = Iv (I,j). Let {j} = I-v(I,j)_ 

Applying the Localization Theorem (|2.22p to the integral of 1 over Ij =s P 1 and using (]2.34p 
and Corollary 1 2. 20 1 we find that 

Uj (I) + u 3 (v(I,j)) = VIeVfr,je[N]-L (5.9) 
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Applying the Localization Theorem (|2.22p to the integrals of X{, Xf, and u s over Ij and using 
Corollary E201 flZMD , and l|Op . we find that 

x i (2)-x i (t;(/,i)) = <H j ,degi7>tt i (7) V Je je [iV] -I, i e [fc], (5.10) 
A±(/)-A± (« (J,j)) =L± (77) Uj{I) VIeY^je[N]-I,ie[a] (ie[b]), (5.11) 
u a (J)-« s (i;(/,j)) = Z),(j7)u J -(/) yie^,je[N]-I,se[N]. (5.12) 

By (I5TT2D . (I5T9D . (12301) . and (|233jh 

D j (Jj)=D ] (Tj) = l, D s (7j)=0 Vselnv(IJ). (5.13) 
The last five identities are stated in [Gi2j. 

5.3 Recursivity, poly normality, and admissible transforms 

As in |Gi2| . we introduce a partial order on A: if s, d e A, we define s < d if d — s e A. By 
Proposition I2.16[ 

deA =^> {s e A : s < d} is finite. (5-14) 
This implies that for every non-empty subset S of A, there exists deS such that 

s e A, s < d s ^ S. 

Definition 5.2. Let i?2Q be any field and C = (Ci t j(d))j^ T j e r N i_j any collection of elements 
of R a . A power series Ze H* N {X 1 ^, [ ; H)[j7t~[] [[A]] is C-recursive if the following holds: if d* e A is 
such that 

lZ(x(v(I,j)),h,Q)j Q .^_ d . dcgTJ eR a (h) VIe1%,je[N]-I,d>l, 

and \Z (x(v(I, j)),H,Q)} Q . d *_ d . deg jj is regular at H=—Uj(I)/d for all IeYfo, je[N]-I, and d^l, 
then 

\z (x(i), n, Q)fl Q;d * - 2 2 Cl ' j ^ n \z (x («(/, j)) , h, Q)l Q;d *_ d . dcg77 1 v£) £Ra[h, n- 1 ], 

d^l je[N]-I h + -^-j— " d 

ddeglj<d* 



for all Ie'f^. A power series Ze Hj N (X]^; R)\\K^[[A]] is called recursive if it is C-recursive for 



some collection C=(Cij(d))'j^y T j e [ N ]_j of elements of R a . 

By Remark IOI below, if Z e H* N (X T M ; R)\\h\\ [[A]] is (C/j(d))^ T ^^ ^-recursive, then for 



each Ie-ffa 



N A 

r(r)., 



Z(x(I),h,Q) = Y i 2 ZY^h-TQ* 

deA r=-N d 



(r) 

for some integers N d and some Zj. d eR a . 
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Remark 5.3. Let R 2 Q be any field. If Ze H* N (X T M ; R) \\K\\ [[A]] is recursive, then Z\ T e R a {h) [[A]] 

and {Z(x(v(I, j)), H, Q)}n. d is regular at h = ~ Uj d ^ for all Iei^^, deA, je[N] — I, and d^l; this 
follows by induction on deA. The regularity claim also uses Remark 15.41 below. 

The C-recursivity is an i? Q -linear property (that is, if Z\ and Z2 are C-recursive, then so is 



f\Z\ + /2Z2 for any fi, R a ). By Lemma l5.j|[p)| C-recursivity is actually an i? Q [ft][[A]]-linear 
property. 

Remark 5.4. For all Ielfa, je[N]-I, all deQ-{l}, and all se[N], 

Uj (I) + d-u s (v(I,j)) * 0. 

Proof. Assume that 

Uj (I) + d-u s (v(I,j)) =0 (5.15) 

for some Ieffc, je[N]-I, deQ-{l}, and se[N]. If d = or sev(I,j), then Uj {I) = by (^30]) 
which contradicts (EQ31 . If d # and s e (I-v(I,j)), then = by (l57T5j) and (IBTQjl . 

which again contradicts (|2.33p . If cMO and s^(Ivjv(I,j)), then setting «j = for all ie(Iuv(I,j)) 
in (I5.15P and using (12.33p . we find that — da s = 0, which is false. □ 



For the purposes of Definition 15.51 and the transforms (a) and |(d)| in Lemma 15.81 below as well 

m'i 



as all statements involving them, we identify ^(AT^-; Z) with Z fc via the dual basis to {Hi, . . . , H^} 



so that AcZ fe . 

Definition 5.5. For anyY = Y(h,Q),Z = Z(h,Q)e H* N {X T M ; R) [ffiq] [[A]] , define $ Y ,z e R a PH [|>, A]] 
by 

x(I)-z 

<S>Y,z(h,z,Q)= V -yfxW.fi.ge^z^w-^Q), 

j^r I! «i(-0 V y 

fc 

w/iere 2;= (zi, . . . , z(-0 ■ z=Yj x i(I) z i, and Qe hz = (Qie hzi ,. . . ,Qk& hzk )- 

IfY,Ze H* N (X T M ; R) pi| [[A]] , i/je pair ( Y, Z) satisfies the mutual polynomiality condition ( MPC) 
if$ Y ,z£Ra[h][[z,A]]. 

Proposition 5.6. Let R 3 Q be a field. Assume that Z e Hj N (X^; R)\\K^[[A]] is recursive and 
that (Y,Z) satisfies the MPC for some Y e H* N (X T M ; R) \\h~W [ [A]] with 

{Y(h,Q)\ I j Q]0 eR* a VIe*&. 

Then, Z(K,Q) = mod /jT 1 if and only if Z(h,Q) = 0. 

Proof. By the second statement in Proposition I2.2l](6)[ 

Z(h,Q) = ^ Z(h,Q)\ I = V/e^. 

Set // = [Y (-/i, Q) y and assume that \Z{h, Q)| J , = for all < d' < d and all J e ffa. 
Since Z is recursive and Z(h, Q) = modulo ft , 

r=l 
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(r) 

for some iVd^O and some Zj. d eR a . Thus, 



x(I)-z ( N d \ 



This implies that 



JE ^A1 j6 [iV]-/ 



In particular, 



' « je[7V]-/ 



2 n n ^ = VO<m<ra-l,Vre[JV d ]. 



For each re [iVj], this is a linear system in the 'unknowns' fiZj.L/ ] \ Uj(I) with Ie'f^. Its 
coefficient matrix has a non-zero Vandermonde determinant, since 

x{I)^x{J) ViVJeT^ 
by Proposition l2T2lflT)j It follows that Z^ d = for all I e and all r e [N d ] . □ 

Lemmas 15.71 and 15.81 below extend \Z1\ Lemmas 2.2, 2.3] from the XJ^ = IP'™ -1 case to an 
arbitrary XT, . Our proof of the former is completely different from and much simpler than the one 
in |Zlj . For the latter, the arguments in |Z1] go through with only two significant changes required. 

Lemma 5.7. Let R^Q be a field and Y,Ze H* N {X T M ; R) [f7i| [[A]] . Then, 

$ Y ,zeR a [h][[z,A]] <=> <S> z>Y eR a [h}[[z,K\}. 
Proof. Let Y d {h) = \Y{%Q)\ Q . d and Z d (h) = {Z(K,Q)\ Q . d . It follows that [$y,z(H,z, Q)j Q . d is 

p x(I)-z p x (I)' z 
J6[JV]-/ /er _r JG[iV]-7 

where e hz = (e hzi , . . . ,e hZk ). The right-hand side is e hzd times [<&z,y{— K, z, Q)ln. d - □ 

Lemma 5.8. Lei R^Q> be any field and C = (Cij(d))^.y T j e r N i_j any collection of elements of 
R a . LetY 1 ,Y 2 ,Y 3 eH* N (XJ^;R)^m[A]]. IfY 1 is C -recursive and (Y 2 ,Y 3 ) satisfies the MPC, then 



(a) if Yi = \ x s + h Q s J Yi for all i and s e [k], then Y\ is C -recursive and $y 2 yg e R a [h] [[z, A]] ; 

(b) if feR a [h][ [A]], then fY\ is C-recursive and <J>y 2 jy 3 sR a \ft\\\_z, A]]; 

f c J */ — 0]] and Yi = efl^Yi for all i, then Y\ is C-recursive and < l>yj^-ei? ci ,[/i][[z, A]]; 
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(d) if f r eR a [[A-0]] for all re[k] and Y l (h,Q) = e f - x / h Y i (h,Qe f ) for all i, where f ■ x= f] f r x r 

r=l 

and Qe* = (Qie^ 1 , . . . ,Qu^ k ), thenY\ is C -recursive and $yjy^ei? a |7i][[,2, A]]. 
Proof For all Ielfc, 



h+ 



^Q^^ Yl [x{v{I,j)) 



c iAd) Qd . des i jTl ( xiv{IJ)h _^ Q 



Uj{I) 



d 



d 



Qddeglj 



h + ^] Q s 4r+Kd-deg s Ij+x s (I)-x s (v(I,j))) Y x (x(v(I,j)) 



d 



dQ s 



d 



Q). 



The first claim in (a) now follows from Remark 1 5. 3 1 and (|5.10p . The second claim in (a) and the 
claims in (b) (d) follow similarly to the proof of \Z1\ Lemma 2.3] for the X T M = P n_1 case, using 
Lemma I5.7I Remark I5.3I (|5.14|) , and (|5.1U|) . Equation (|5.1U|) and property (| 5 . 1 4 j) are used in the 
proof of the recursivity claim in |(rf)| when showing that 



1 



Uj (i) 



eR a [h, tr L ][[A]\. 



Property (|5.14p is also used to show that transforms (c) and \(d)\ preserve H* N (XJ^; R a )[h, fi 1 ][[A]], 
that 

e i^tM -1 ]^]], e I e R a [h][[z,Q]], 



h 



Uj (i) 



in the case of 



and that 



fr(Qe nZ ) ~ fr(Q) 

h 



eR a [h,z][[A]] Vre[fc] 



in the case of \{d)\ 



□ 



5.4 Torus action on the moduli space of stable maps 

An action of on a smooth projective variety X induces an action on 9Jto,m(A, d) as in Section [3] 
and an integration along the fiber homomorphism as in Section 12.31 The Virtual Localization 
Theorem jGraPa, (1)] implies that 



v r 



[a] y V eH; N (Tlo, m (X,d)), (5.16) 



where the sum runs over the components of the pointwise fixed locus 

M , m (X,d) TN c=Mo, m (X,d). 

This section describes 9Jto, m (A]^, d) jN , the equivariant Euler class e(Npj x ) of the virtual normal 

bundle to each component F of 93To, m (A^, d) jN , and the restriction of e(Ve) to F. We follow |Sp| 
where the corresponding statements are formulated in the language of fans rather than toric pairs. 
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If / : (S, zi, . . . , z m ) — > X T M is a T^-fixed stable map, then the images of its marked points, 
nodes, contracted components, and ramification points are T^-fixed points and so points of the 
form [/] for some I e by Corollary !2.2C|(a)[ Each non-contracted component S e of S maps 



to a closed T^-fixed curve which is of the form I J for some I,Je 'fJ, with \I n J\ = k — 1 by 
Corollary ES^Ml 

Since all such curves I J are biholomorphic to P 1 by Corollary I2.2C|(6)| the map 



/ 



: S e — ► IJ 



is a degree 0(e) covering map ramified only over [I] and [J]. To each such map we associate a 
decorated graph as in Definition 15.91 below; the vertices of this graph correspond to the nodes 
and contracted components of £ or the ramification points of /; the edges e correspond to non- 
contracted components S e of S, and 0(e) describes the degree of /L . 

Definition 5.9. A genus m-point decorated graph T is a collection of vertices Ver(r), edges 
Edg(r), and maps 

: Edg(r) — ► Z >0 , p : Ver(r) — > ifa, dec : [m] — > Ver(r) 

satisfying the following properties: 

1. the underlying graph (Ver(r), Edg(r)) has no loops; 

2. if two vertices v and v' are connected by an edge, then |p(v)n p(v')| =k — 1. 
Such a decorated graph is said to be of degree d e A if 



2 £)(e)deg(p(v)p(v'))=d 



eeEdg(r) 
de={v,v'} 

where de={v, v'} for an edge e joining vertices v and v'. 

For a decorated graph T as in Definition 15.91 we denote by Aut(T) the group of automorphisms 
of (Ver(r), Edg(r)). It acts naturally on ]~[ 1*x>(e)'i tet 

eeEdg(r) 

A T = Yl Z 0(e) x Aut(r) 

eGEdg(r) 

denote the corresponding semidirect product. 
For any veVer(r), let 

Edg(v) = \ {e e Edg(r) : v e de}\ and val(v) = |dec _1 (v)| + Edg(v) 

denote the number of edges to which the vertex v belongs and its valence, repectively. A flag F in 
T is a pair (v, e), where e is an edge and v is a vertex of e. For a flag F = (v, e), let val(F) =val(v). 
For a flag F = (v, e), let lof = e(Tj-i( p ( v ))P 1 ), where /iP 1 — >p(v)p(v') is the degree 0(e) cover of 
p(v)p(v') corresponding to e, de = {v,v'}, and the T^-action on P 1 is induced from the action on 
XX, via /. If{j}=p( v ')-p(v), 

UF ~ ^ieT (5 - 17) 
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by (|2,34p . If v is a vertex that belongs to exactly 2 edges e\ and 62, then we write i^(v) = (v, e,). 
Given a decorated graph T as above, let 

Tt T = Yl M 0jVal(v) , 

vsVer(r) 

where 9JTo,m = point, whenever m 2. For a flag F = (v, e), let e H^ N (9Jtr) denote the equivariant 
Euler class of the universal cotangent line bundle on 9#r corresponding to F (that is, the pull-back 
of the tp class on 9Jto iVa i( v ) corresponding to e). 

Proposition 5.10 (|Sp, Lemma 6.9]). There is a morphism 7 : SOtr — * 9^ o,m (X^- ; d) whose 
image is a component of 9Jto )m (X^; d) TJV and every such component occurs as the image of such 
a morphism corresponding to some degree d decorated graph. With \ [ Z 5 ( e ) acting trivially on 

eeEdg(r) 

VJlr, the induced map 

j/A r : m r /A r — Mo, m (X T M ,d) 
identifies VJlr/Ar with the corresponding component of Wlo yin (XJ^, d) TJV . 

Proposition 5.11 (|Sp, Theorem 7.8]). Let T be a degree d genus m-point decorated graph and 
N™ r the virtual normal bundle to j:9Jtr — >dJlo !m (X]^,d). Then, 



flags F of T 
val(F)>3 



— — — 1 ^-|Edg(v)-l El (^i(v)+^ 2 (v) 

EI L</>p(v)(p(v))J 



1 



veVer(r) 



n 



eeEdg(r) 
de={v,v'} 



-l)°( e ) (D(e)!) 2 (^(I)) 2B(e) 



(t)( e ))2a( e ) 



n 



re[N]-(Iu{j}) 



V 



veVer(r) 
val(v)=2 
dcc~ 1 (v)=0 

0(e)D r (7J) N \ 

n kw-ifettiW 

s=0 

ri_ (^(-o-sfo^-w) 

s=5(e)D r (/i)+r 



n u F 

flags F of T 
val(F) = l 



J=p(v) 
0}=p(v')-/ 



By and ([fTT2~]) . 

(-l) a ( £ ) (^(/)) 20{e) 



I=P(V) = n p(v0-p(v)(P( V )) U p(v)- P (v0(P( v/ ))' 
{jHP(v'W 

[0(e)g r (p(v)p(v'))-s] M^ (p(v))+s^,.(p(v , )) 

0(e) J D r .(p(v)p(v')) 



3(e) 



lt r (i")- 



o(e) 



% (I) 



{j}=p(V)-I U r (p(v)) = U r (p(v')) 



if D r p(v)p(v') ^ 



if D r p(v)p(v') ,s = 0; 



so the edge contributions to e(N™') in Proposition 15.111 are indeed symmetric in the vertices of 
each edge. 



Let /: 



, z m ) — ► IJ be a T^-fixed stable map. Thus, / is a degree d cover of IJ for 



some deZ >0 . By (fl~TD . 



Vp 



H 



Ad>1 ^* 1?+ 



f*E + )®H l (P 1 ,/*^" 



irpi,zi,...,2 m> /] 

By |MirSym[ Exercise 27.2.3] together with (j5T9|) and (j5TTTj) . and with {j} = J— I, 



a dL+(IJ) 



e(V E )| 



,Zl,...,Z m ,f] 



n n [vw->m]n n 



i=l s=0 



i=1 s=dL"(/J) + l 



A l -«-^(I) 



(5.18) 



54 



By (J5TH), 



Xt{I)— d uj-i{I) 



XT{I)-- UJ _ I {I) 



A+(/) = A+(J) if L+(77) = S = 0, 

[dLr(Jj)-s]X L {I) + s\r(J) 
dLr(IJ) 



5.5 Recursivity for the GW power series 

For all deZ >0 Je^L,je[N]-I, let 



dj2d-\ 



■lYd 



(d\) 



2d-l 



n 



re[N]-(Iu{j}) 



n_ [«r(i)-5u,-(i)] 
s=dD r (/j)+l 

dD r (7j) 

s=l 



(5.19) 



a dL+(lj) 



b -dLT(TJ)-l 



t^d) = ijjwii n [\ + ( j )-^%( j )]n n 



a dL+(Tj)-l 



4 = 1 S=0 

6 -dL-(lj) 



(5.20) 



2zj(co=c/j(«i)fi n [^w-^oifi n 



i=l s=0 



i=l s=l 



Lemma 5.12. Ifm^3, evj : 9Ho im (Xj^-, d) — >^Xf * s ^ e evaluation map at the j-th marked point, 
r]jeH* N (Xl i ) and /^eZ* 50 for j = 2, . . . ,m, then the power series 



deA 

TT r ^ i 



deA 



e[V E 



e(V E 



n W ev hj 



i=2 



^-■01 



i=2 



6fl* w (X^)[T^[[A]] and 



(5.21) 



are £- and ^-recursive, respectively, with <£ and £ given by \5.2U\) . 

Proof. This is obtained by applying the Virtual Localization Theorem (|5.16|) on Wlo^^X^jd), 
using Section 15.41 and extending the proof of \Z1\ Lemma 1.1] from the case of a positive line 
bundle over P n_1 to that of a split vector bundle E = E + @E~ as in (|1.4jl over an arbitrary 
symplectic toric manifold X T M . By ()2.35j) . (j2.21[) . (|5.16p . and the second equation in (|2.34[) . a 
decorated graph may contribute to Z v ^(h, Q)(I) and Z V: p(h, Q)(I) only if p(dec(l)) = /. There are 
thus two types of contributing graphs: the Aj and the Bj graphs, where Je In an A\ graph 
the first marked point is attached to a vertex vo of valence 2, while in a Bj graph the first marked 
point is attached to a vertex vo of valence at least 3. If T is a Bj graph and Zy the corresponding 
component of 9JTo,m(^M , d) jN , then 



^ = Vn>val(v )-3. 
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Figure 1: A graph of type Arjj\(do) and its two subgraphs 

Thus, T contributes a polynomial in H~ to the coefficient of Q in Z v ^(h, Q)\I) and Z v ^(h, Q)(I). 

In an Aj graph there is a unique vertex v joined to vo by an edge. Let Auj\(do) be the set of 
all Aj graphs such that p(v) =v(I,j) and the edge having vo as a vertex is labeled do. Thus, 

oo 

A * = U U%-i)(^)- 

We fix re A(jj}(do) and denote by To and F c the two graphs obtained by breaking T at v, adding 
a second marked point to the vertex v in To and a first marked point to v in T c , and requiring that 
marked points 2, . . . , m are in r c ; see Figure [T^ Thus, To consists only of the vertices vo and v and 
the marked points 1 and 2 attached to vo and v, respectively. With Z? denoting the component 
in 9Jto,m(X^/i d) T corresponding to T, 

Zr =s Zr x Zr c ; 
we denote by ttq and ir c the two projections. Thus, 

Ve = ^V e @tt*V e and V E = ir*V E tt*V e . (5.22) 
These identities are obtained by considering the short exact sequence of sheaves 

f*E ± — f£E ± © f*E ± E\ — 0, 

where / :S — y X\ 4 is a T^-fixed stable map whose corresponding graph is T, while /o and f c are 
its restrictions to the components of £ corresponding to the edge leaving vo and the rest of T. Let 

m 

'/ ' 1 I (Vf evjiy) . 

By (532}, 

-HH* ** (ibrf ( e ( V *V) ' -4^-1* "« ( e ( V *V) • (5 - 23) 

8 Figure [T] is [Zll Figure 2] adapted to the toric setting. 
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By Proposition [5TH ([5T7]> . and ([SU 



~ VTq I 7TT77TTT I 7T„ 



e(iV™ r ) 
By (IET8|) and (I5TH . on ^r 

a d L+(Tj) 

•(*0-n n 

a d L+(lj)-l 

e (v,)=n n 



e(iV^) 



ev i^(/,j) | 1 



A+(J)-- % (I) 



i=l 



=0 



n 6 -d L7(/j)-l r 

n n 

i=l s=0 

6 - d oL~(Ij) 



do 



n n 

1=1 8=1 



"0 



By Proposition 15. Ill 



e(JV] 



-l) d0 (rfo!) 2 



n 

re[2V]-(Iu{j}) 



doD r (Ij) 
s=0 



n_ 

s=d -D r (/j)+l 



Ur (/)-^^.(/) 



By (|535j> . (JOS]), (|5TT| . and l|530j> . 



lz r 



o (ft-*0i)e ( 



ft+ 



<2o 



and 



= gj,,-(do) 

^r (ft-^)e(iV™-] ft+^ 



By (jOSD, (1Q41 . and (|5T2TD . 

e^ev^/r/ 3 1 



I 



2 r ft - fa 



d 



/(do) r 

M£) J, 



lzr 



ft- v 



ft - Vi e(iV™ r ) 
C/j(do) f e(V B )evJ&, (I)i) T^ 1 



/(do) f 



ft- *0i 



e(iV«;) 



ft. "jffl ' 



(5.24) 



(5.25) 



(5.26) 



(5.27) 



(5.28) 



By the first equation in (|5,28p and the Virtual Localization Theorem (|5.16p . the contribution of 
the Ai graphs to the coefficient of Q in Z r] ^\ 1 is 



2 2 



gjj(do) 



d M je[AT]-J h+ ~do 
do (leg Ij<d 



z v ,p{x{v{i,j)),h,Q) 



1/,d— do-deg Ij ft— — - 



whenever d = d* satisfies the two properties in Definition 15.21 (which make evaluation at ft — — Uj ^ 



do 



meaningful). An analogous statement holds when summing in the second equation in f|5.28|) . □ 
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Figure 2: A graph representing a fixed locus in £d(AJ f ); I, J, K, L e Y^, I J, K, L. 
5.6 MPC for the GW power series 

T TT T TT 

Let Z\ and Z\ be as in (|4.2|) and Z^p and .2^ be as in ()5.2ip . 

Lemma 5.13. For all m ^ 3,7^ e H* N (X T M ),l3j e i/te pairs (z\(h,Q),h m - 2 Z^,s(h,Q)) and 
(Z 1 (h,Q),h m ~ 2 Z rj! p(h,Q)) satisfy the MPC. 

Lemma 15.131 extends \Z1\ Lemma 1.2] from the case of a positive line bundle over p n_1 to 
that of a split vector bundle E = E + ®E~ as in (|1.4|) over an arbitrary symplectic toric manifold 
XJrf. While \Z1\ Lemma 1.2] follows from [Zl} Lemma 3.1], Lemma 15.131 follows from Lemma l5.15l 
below, which extends [ZH Lemma 3.1] to the general toric case. The proof of Lemma [5 . 1 5 1 uses the 
Virtual Localization Theorem (|5.16p instead of the classical one used in the X T M = p n_1 case and 
Lemma l5,14t which is a general toric version of the first displayed formula in |Z1| after |Zll (3.32)]. 

As in [Gil] and [Zlj . we consider the action of T 1 on V = C 2 given by £ • (zq, z\) = (zq, £ _1 ^i) 
and the induced action on PV. Let H be the weight of the standard action of T 1 on C. For any 
deA, let 

3L A {X T M ) = {/eM , m (Py x X T M , (1, d)) : ev 1 (f) e [1, 0] x X T M , ev 2 (/) e [0, 1] x X T M ) . 

By Proposition 15.10] the components of the fixed locus X^X^)^ 1 xTJV of the T 1 xT^-action on 
X c j(AJ / ) are indexed by decorated graphs T of the following form. Such a graph T has a unique 
edge of positive PF-degree; this special edge corresponds to a degree-one map / : P 1 — ► PV x [I] 
for some Ie Y^. Edges to the left (respectively right) of this edge are mapped into [1,0] xlj, 
(respectively [0,1] x X T M ); see Figure [2] where we dropped the PV-label of the vertices!! Thus, 
the first marked point is attached to some vertex to the left of the special edge, while the second 
marked point is attached to some vertex to the right of the special edge. 

Let 

d L ^d L (r), dfl=d fl (r)6A 

denote the A^-degrees of the left- and right-hand side (with respect to the special edge) sub- 
graphs, respectively; thus, d = di+d/j. Let Z? be the component of Xd(A^) TlxT corresponding 

to r. 

Lemma 5.14. For every ie[k] and deA, there exists 

nieH 2 lxjN (X d (X T M )) such that n i \ Zr = x i (I) + (d L (T)) l h 

for all graphs T corresponding to components o/3£d(A"J f ) T xT , with dz,(r) and I depending on T 
as above. 

9 Figure [5] is [Zll Figure 3] adapted to the toric setting. 
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has 

So 



Proof. We follow the proof in |GiH Section 11] and \Gi2\ Section 2]. 
Given seZ^° and n^l, let 

Poly" = P ({Pe C[z , z{\ : P homogeneous of degree s}® n ) . 

We next define a morphism 

9 : Ma >0 {FVxF n - 1 , (l,a)) — PolyJ. 

If [£,/] is an element of M ,o(P^ xP"" 1 , (1, a)), S = S uSiu. . .uS r , where S is a P 1 , / 

degree (l,so), £j is connected for all ie[r], and / has degree (0, Sj) for all ie[r]. Thus, 

Si 

/(Si) c {[A i , J B i ]}xP n - 1 for some [A^B^eFV Vie[r]. 
Let 6» [S, /] = [Pi 5, . . . , P„5f], where 

r 

/| So = (/l,/ 2 ), / 2 o/ 1 - 1 ^[P 1 ,...,P n ]ePoly™, ?S f](M-W- 

i=l 

Let 9 = 9q o fgt, where 

fgt iSto.mCP^xP^M)) — ^(P^xF"" 1 ,^*)) 

is the forgetful morphism. By |Gil[ Section 11, Main Lemma], 0\ x npn-i\ is continuous. 
The torus T 1 x T n acts on Poly" by 

(€,h, . . . ,t n ) • (P 1 [z Q ,zi~\,...,P n [zQ,zi]) = (tiPi[z ,€zi], . . . ,t n P n [zQ,£zi]) . 

This action naturally lifts to the hyperplane line bundle over Poly". The map 9q is T 1 x T"- 
equivariant and hence so is 9. 

Let £ — be any very ample line bundle. For any deA, let £(d) = \c% (£) , d). Consider the 
canonical lift of the T^-action on X T M to C given by Proposition 12.171 together with (|2,23p . Thus, 
there exists n, an injective group homomorphism tj:T N — >T", and an if-equivariant embedding 
l:X t m — ► P"" 1 such that t*C P „-i(l) =C. We consider the T^-action on P"" 1 induced by ij. The 
embedding i induces a T 1 x T^-equivariant embedding 



The composition 

X d (XI f )^>X £(d) (P"- 1 )^Poly2 (d) 

maps Zy onto [z^ dR * zf^ dL ^ ai, . . . , z^ dR ' zf^ dL ^ a n ], where \a\, . . . , a n ] = l([I]). 

Let OePT^ lxTJV (Poly2(d)) be the equivariant Euler class of the hyperplane line bundle and 

0(£) = F*9*£l e H^i xTJV (X d (X^)) . 

It follows that 

n ( C )\z r = Q \\ z c ^R) z c(A L ) n c(i R) c(d L ) , = e(£)(I) + ( Cl {£),d L )h, (5.29) 
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where e(£) is the T^-equivariant Euler class of C 

By Proposition 12,161 there exist very ample line bundles Ci for all ie[&] such that {ci(£j) : ie 
[k]} is a basis for H 2 {X T M )] so, using the T^-action on each Ci defined by (|2.23p . we find that 

SpanQ {e(d) : ie[k]} = Span^ {x,i : ie[k]} . 

Via Proposition I2.21|f&)| this shows that {e(Ci),a>j : i £ [k] , j e [N] } is a basis for Hj N (Xj^). As in 
[Gi2], we define a Q-linear map from Hj N (X]^) to Hj X xjN (Xd{X]^)) by sending e(C{) to f2(£j) 
for all ie [k] and ctj to ctj for all je [N]. Let f2je/T^ lxTiV (3£,j(-X"Xf)) De the image of Xi under this 
map. The claim now follows from (|5.29p . □ 

Lemma 5.15. Let if = \\ (ifjj J ev*nA in H* N (fJJto im (XJ /I ,d)) and let 

3=2 

vr :M , m (PFxXX / ,(l,d)) ^M , m (XX f ,d) 
denote the natural projection. With $ as in Definition 15.51 and fij as in Lemma \5.14\ 



k 

m 



r v n z 

-h)™- 2 ^ i (h,z,Q) = J]Q d \ ^ 1 e (Ve) tA nev*e(Opy(l)), 

k 



deA J[3Ed(JfJ f )]" 

Proof. We apply the Virtual Localization Theorem ()5.16p to the right-hand side of each of the 
two equations in (|5,30p . using Section 15.41 and extending the proof of \Z1\ Lemma 3.1] from the 
case of a positive line bundle over p n_1 to that of a split vector bundle E = E + @E~ as in (II. 4h 
over an arbitrary symplectic toric manifold X T M . The possible contributing fixed loci graphs are 
described above. Given such a fixed locus graph T, we denote by Np r the virtual normal bundle 
to the corresponding component of the fixed locus inside the moduli space. We denote by Ai the 
set of all T 1 x T^-fixed loci graphs whose unique edge of positive PF-degree corresponds to a map 
P 1 — >FVx [I], where IsY^. A graph TeAi breaks into 3 graphs - Tl, Fr, and r - as follows; 
see also Figure l3~T^l The graph is obtained by considering all vertices and edges of T to the 
left of the special edge (of positive PT^-degree) and adding a marked point labeled 2 at the vertex 
belonging to the special edge. Given that all vertices in this "left-hand side graph" are labeled 
([1,0],/) for some Ie'f^, it defines a component of Wlo^iX^ , d^) 1 • The graph Tr is obtained 
by considering all vertices of T to the right of the special edge and adding a marked point labeled 1 
at the vertex belonging to the special edge. Given that all vertices in this "right-hand side graph" 
are labeled ([0,1],/) for some Ie'f^, it defines a component of DJIq^XJ^, d^) T . Finally, To is 
the special edge with 2 marked points added. They are labeled 1 in the left-hand side and 2 in the 
right-hand side. Thus, 

Zy = Zr L x Zr x Zr R ; 
we denote by ttl, ttq, and itr the corresponding projections. 



■'Figure [3] is [Zll Figure 4] adapted to the toric setting. 
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Figure 3: The three sub-graphs of the graph in Figure [2] 



It follows that 



tt*V e = ir* L V E tt* r V e , tt*V e = n* L V E © n* R V E , 



T xn X 



[I]^M 



l\jvir 
T [I] X M 



N mr 



(5.31) 



T m x k 



where L 2 — > 2r L ,L\, L 2 — *Zr i an d L\ — * Z-p R are the tautological tangent line bundles. The 
first two equations in (|5.3ip follow similarly to (|5.22p . 
By (lOT) and ([231) . 



7T 



%) rf] ]1 ev * [ e (CW(1))] U r = < [ e (Vjs) 1 ^ [e (Ve) rf ( h)'" 



3=3 

e(T[i]X T M) 
e (N£ ir ) 



ev 2 (j)i 



e f iV™ r 



ev*</> 7 



e f N™r 



(5.32) 



and the first equation in (|5.32|) with V E replaced by V E also holds. By (|5.32|) and Lemma 15.141 



k 



I 



7T 



e (N£ ir ) 



2 x i(!) z i 



-h) 



L e ( A^ r 



I 



(5.33) 



(-^)-^l 



e IN, 



(|5.33p with replaced by V^; also holds. In the = case, the first curly bracket on the 
right-hand side of (|5.33p is defined to be 1. By the Virtual Localization Theorem (|5.16|) and (|2.2ip . 



I 



i 



h-ip 2 



L e ( 



e(V s )?7^ev^/ i 
-n)-0i e(iVj£ 



-Z\(h,Qe hz )\ p 

~- Z rt,p{-hQ)\p 



(5.34) 
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where the first sum is taken after all graphs Tl corresponding to components of 9710,2 (-X^/ > d^) T 
and with second marked point mapping to [I], while the second is taken after all graphs corre- 
sponding to components of 9JTo,m ( A^ , d#) TJV such that the first marked point is mapped to [I]. 
The equation obtained from (|5.34[) by replacing Ve by Ve, Z\ by Z\, and Z v ^ by Z v ^ also holds. 
The claims follow from f|5.33j) and (|5.34p (and their Ve analogues), by summing the left-hand side 
of ([5733]) over all graphs TeAi and all Ief^. □ 



5.7 Recursivity and MPC for the explicit power series 

iefine 

Af = {deA : Dj(d) > Vjel}. 



As in [Gi2j . for each I^Y^ we define 



By gSJ, g2D, and $ZM), 



Cy(s(i), M)Ld#0=>deAj and ft, g)]|, ;d * => deAj. 



(5.35) 



(5.36) 



Lemma 5.16. The power series y(x,h,q) of 14- 7\) * s ^-recursive with £ given by \5.20\) . The 
power series y(x, h, q) of {4- ^ s ^-recursive with £ given by \5.20\) . 

Proof. The recursivity of 3^ in the E = E + case is |Gi2|, Proposition 6.3] . The proof of the recursivity 
of y in the general case is similar and so is the proof of the recursivity of y. We prove below the 
recursivity of 3^ extending the proof of (a) in jZlj. Section 2.3] and the proof of \Gi2\ Proposition 6.3] . 
Let Ieffc, je[N]-I, J = v{I,j), Q} = I-J. By ([5736]) . RemarkETJ and (jO]) . 



- 2 

d'eA* 

D,/(d')^-e 



n n K(j)-i%d)] 

re[JV] s=D r (d')+l 
d / D r (d')<0 

1 D r (d') 

n n [«r(j)-5«,-w] 

re [AT] s=l 
D r (d')>0 



=1 s=0 

By dSTJTD, (ISH, and ([5TIT]) . 



x n n K( j )-^w]n n [w+^-o) 



i=l s=l 



j-| l(J ),_aH) j5 



d'eA* 
£>j(d')>-d 



dD r (Ij) 

n n K(/) -f%d)] 

re[iV] s =D r (d') + l+<i£>r(/j) 
d / £> r (d')<0 



D r (d')+dD r (/j) 

n n _ 

re[N] s =l+dD r (Ij) 
D r (d')S=0 



a L+ (d')-l+dL+ (Ij) b -L~(d')-dL-(Ij) 

Vw-~^)]n n 

»=1 S =l-dL-(/i) 



«n n_ 

»=1 s=dLf(Ij) 



A-(I) + ^^(/) 



(5.37) 



(5.38) 
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By ([CTD and ([5TT9]) . 



d j2c2-1 



-l) d d 



NO] 



2f/- 



t n 



n _ [MV-friW] 

s=l+dD r (Ij) 

dDr(lj) 



(5.39) 



reim-m n Mi)-§^-(/)] 



If d*eA, d'=5d*-d-deg7JeA, then, 

d*eAJ and ^(d*)^ 
by (|5TT3|) . By (^361) . flUD , ([OS]) . (^39]) . and (IQOjl . 



d'eA} and Lh(d')^-d 



(5.40) 



, 1 

Res „.(/) 

z=-^— I n— z 



y{x{I),Z,q) 



ty(J) 



y x(J), 



-J q;d* — d-deg Jj 



for all d* e A. Finally, viewing ^— j^(x(I), z, q) 
using the Residue Theorem on P 1 , we obtain 



q;d* 



as a rational function in h, z, and ay and 



S 2 

ffeljefiV]-/ 
d-deg /jr<d* 



y x(J),- 



-Res 



-J gjd* — d-deg Ij 
1 



2=0,oo 



ft — Z 



y(x(i),n, q ) 

y(x(I),z,q) 



q;d* 



where Res^ = o,oo-7 r =Res^=o^ r +Res z =oo-7 r . Since 

1 



Res 



z=0,oo 



y(x(I),z,q) JeQafotT 1 ], 



v h—z I.' 

this concludes the proof. 

Lemma 5.17. Mfft and $ denned fry (£7J), (j),^) satisfies the MPC. 



□ 



We follow the idea of the proof of |Gi2|, Proposition 6.2] and begin with some preparations. Let 
de U A}, 

J = J(d) ee {j e [AT] : ^.(d) ^ 0} , 5=| J\ + 2 £>,(d). 

Let A be the | J| xS matrix giving F| p-°j( d ) as in ()2.37p . Denote the coordinates of a point yeC s 
by 



yj;0,Uj;l, ■ ■ ■ ,2/j;Dj(d) 



The pair (MjA, r) is toric in the sense of Definition 12.11 It satisfies (ii) in Definition \2.1\ since 
^MjA = {((h;Pl),--;{ik;Pk)) :{ii,...,i k }eVM, {k,--;ik}^ J,0^p r ^D ir {d) Vre[A:]} (5.41) 
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by the second statement in Lemma EQp)j We identify C s with H°(¥ 1 ,O w >i(D j (d))) via 



yj;0,yj;l,---,yj;D j (d) 



2 yjv 



r=0 



and set X d = X T MjA . The torus T 1 x Tl j| acts on © H°(F\ O p i (-D,(d)) by 

J jeJ 



t> (*j) j6 j J ■( p i(^o,^i)) i6 j = (^' p i(^o,^i)) ieJ , 
while the torus Tl J l acts on © JEi r0 (P 1 , C7pi(Z?j(d))) by restricting this action via 

T |J| 9t -> (l,t)eT 1 xT' J '; 
these actions descend to actions on X^. 

Lemma 5.18. ( a) The fixed points of the T 1 xT^ 1 ^ -action on X d are 

[I,p]= {Pj(ZQ,Zi)) jeJ , 

where Ief^, I^J, p= (pi) ieI eZ k , O^pj^A(d) for alliel, and 



Pj(z ,Zl)l 



DM-v^^ iijeI . 



0.. 



otherwise. 



(5.42) 



(5.43) 



(h) Letlelfi and p = ( Pi ) ieI eZ k . Then 
0<jJi<A(d) Vie/ 



pM i r 1 ,d-pMf 1 eA}. 



Proof. Let [(P^zo, zi) je j)] be any fixed point of the T 1 x l' "^-action on Xd and (£o,£i) E be 
such that Pj (£ , 6)^0 whenever Pj^O. By Lemma [2^1)1 and (f5ld|) . (P/(£o, ^l^jejeX^. Since 
[(P/(£o, £l))iej] is a T'^l-fixed point in XJ^ , there exists Pt^f with Jc J such that Pj ^0 if and 

Part p)1 follows from ([Q5]) 

□ 



only if j'ep see Corollary I2.2C T a) This concludes the proof of 
and the identity (Di(r))i e j = rMj for r = pMp ; see the second equation in (|2.17p 



We consider the T 1 xT Ar -action on obtained by composing the projection T 1 xT Ar — > T 1 xl"! j| 
induced by J^[N] with the action (l5Ti2l of T x xTl J l on X d . We denote by e(T [/p] X d ) the T 1 xT Ar - 
equivariant Euler class of T[j p ]Xd and by 



•(I, p) : P^i xT jv(X d ) >/T^! 



t i xT jv 



the restriction map induced by the inclusion [J, p] <— » Xd, where [I, p] is the T 1 x T^-fixed point 
defined by (|5.43p . Let denote the weight of the standard action of T 1 on C. 
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Lemma 5.19. There exist classes (xi)ie[k],(vir)re[N],(^t)ie[a]>(\ )ie[b]£ H* lxjN (X d ) such that 

k 

u r = ^m ir Xj — a r Vre[iV], (5.44) 



8=1 

and such that for all (I, d') with IeY^j, I^J, d',d — d'eA|, and all [I, p] as in fl<5.^3| ), 
(x 1 (I,d / M / ),...,x fc (I,d / M / )) = (x 1 (/),...,x fe (/)) + ? i d, / (5.45) 

e(r [7iP] x d )= n n [ Ui (j, P )-^]xn n [u^p)-^], ^ 

jeJ-I O^s^Dj (d) je/ OjSs^ZX, (d) 

\f(l,d'M I )=\f(I) + hLf(d') Vie[a] (Vie [6]). (5.47) 

Proof. We define the classes xi, . . . ,Xfc and u j;s in iT* s (Xd) with je J and (Xs^-D^d) by (|2.27[) 
with (M,r) replaced by (MjA,t). By (I2T2^D . ' 

k 

Uj- S = 2^ mijXi - a j;s , (5.48) 

where aj ;s = 7r*. s Ci(Opoo(l)) and 7Tj ;s : (P 00 ) 15 — >P°° is the projection onto the (j; s) component. By 
Corollary E^fo)| (j5ldj) . and (pOlj) . the T 5 -fixed points in X d are the points [I,p] and 

e TS (T [/iP] x d )= n n [^.ipj x n n h N ,„ |- ^ 

jeJ—I O^s^Dj (d) je/ OjSsjSDj (d) 

where e TS (Tr Ip jX d ) denotes the T^-equivariant Euler class of T[j p ]X d and 

l[/, P ] : -^Ts(^d) *■ Hj S 
the restriction homomorphism induced by [/, p]^X d . The map 

F:(C°°-{0}) N+1 ^ (C™-{0}) s , F(e ,e 1 ,...,e N )=(e j ,e j -e ,e j -4,... t e j -eg i{d) ) 
where 

( Zl ,z 2 ,...) d = (zizi...) Vd>l, (zi,z 2 ,...)eC co -{0}, and 
(2:1,2:2, . . .) -(2/1,2/2, • • .) = ( z iyj)(i,j)el,> xZ> V (^1,^2, • • •)) (2/1)1/2, • • OeC 00 — {0} 

is equivariant with respect to the homomorphism 

f-.T 1 xT N — > T 5 , /(£, i lv . , t N ) ss (t 3 -, i^, i^ 2 , . . . , ^ (d) ) ; . 

It induces a map F: (C CO -{0}) N+1 x t i xX a .V,i — KC 00 -^}) 5 x T sX d , 

F[e ,ei,. . .,ejv, [(Pj) je j]] = [-F(e ,ei, . . .,e N ), [(Pj) jeJ ]] 

V (e , ex, . . . , e N )e (C^-O)^ 1 , [(Pj^eXa, 
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, ^ VteT k ,((P j ) jeJ ,c)eX T MjA xC (5.51) 



and thus a homomorphism F* :H* s (Xd) — * Hj lxjN (Xd). It follows that 

F*aj. s = aj + sh V(j;s) with je J, 0<s<Dj(d). (5.50) 
We define Xj and u r as the T 1 x T^-equivariant Euler classes of the line bundles 
Xm jA x C/ ~i — ► X d and X^ /A x C/ ~ r — ► X d , 

where 

{{Pj)jeJ,c) ~, (U U j,* f c) 

with respect to the lifts of the T 1 x T^-action on X& given by 

(£,ti, . . . ,tN)-[(Pj(zo, z{))jej,c] = [(tjPj(zo,£zi))jej,c] and 
(£,h, . . . ,t N )-[(Pj(z , z{))j e j,c] = [(tjPjizo^Z^jej^rC] 

respectively. It follows that 

Xj = F Xi (5.53) 

and Uj satisfy (I5.44h . The latter follows similarly to the proof of (12.29ft using equations analogous 
to (12351) and ([236]) with replaced by T 1 xT^. Equation (3151) follows from (15331 . Proposi- 
tion E2jo)J and (f5~5QT) . Equation (15351) follows from (31i4j) . (31ST) . and (ET291) . Equation (3l6j) 



(5.52) 



follows from (3l9|) together with (3l8|) . (330|) . (333]) . and (3l4"|) . Finally, define 

fc fe 

and ATbJ^, (5.54) 

r=l r=l 

with as in (|3"3]> . Equations (3J1ZD then follow from 33H) . (3151) . and (JO|). □ 

With Uj and (J, d') as in Lemma 15.191 

Uj (J, d'M/) = -uj (/) + h Dj (d') Vje [AT] , (5.55) 
by (3JBD , 3151) . and (|239|) . 

Lemma 5.20. There exists a vector bundle — ► X^ and a lift of the T 1 xT N -action to such 
that the T 1 x T N -equivariant Euler class e(Vd) satisfies 

N -Dj(d)-1 

e(y d )(J,p) = [] Yl [u^I^ + sh] 

j=l 8=1 

/or a// T 1 xT N -fixed points [I,p] defined by |5.^3[ ) anc? wit/i u^ei?,^ ^(Xd) as in Lemma \5.19l 
Proof. Let 

^d = |(^) ie[Arw e i?°(P 1 ,O P x(-i? j (d)-l)):P :7 (l,0)=0 Vje[N]-j\, 

I J6[AT]-J J 
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Since X 



MjA " 



'Xd is a principal bundle, Vd — *X<± is a holomorphic vector bundle. The T xT 



action on X^ lifts to via 

(£,tl, ...,t N )- (Pj(zo,Zi)) jeJ , {PjfaiZlVjeW-j ~ ^j P ^ Z 0^ z ^))j e J i (tjPjto'&lVjeW-J 
The lemma now follows from the definition of Uj in (|5.51[) and (j5.52|) . 

By the Localization Theorem (|2.22j) . Lemma 15.181 Lemma 15.201 and (I5.46P - 



□ 



f/e(V d )= 2 



N -1 

/(/,d'M 7 )n n K^d'M,)-^] 

j=ls=Dj(d)+l 



, , r n n [uj-c/.d'Mjj-^in n k^m,)-^- 

d,d-deA 7 8^Dj(d') 



(5.56) 



for all feH* lxjN (X d ). 

Proof of Lemma \5Al\ By Definition [531 4535]), dZD, (|536l) . (g35D , (|535l) . and ([537]) , 



-^•(d")-i 

n n n nw+^i 

e W)+rjd D J (d)<0 Dj(d)<0 



IeT^deA* V d',d"eA* , 



n 



d'+d"=d J L J 



n 



n 



[uj(l)+sh] 



D 3 (d)>0 -Dj(d")^s^Dj(d') 



de 



L + (d') ft — Lr(d") 

x fi n [K(i)+sh\Y\ n 

i=1 s=-L+(d") + l i=1 s=LT(d')+l 
^ a 6 - L i"( d ) 

s Q d e(Vd)e-n n tv+^in n [**-+«»]. 

U A* JXd i=l s =-i+(d)+l »=1 s=1 



The last expression is in Q[a, A]]. 



□ 
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A Derivation of (15.21) from 



LLY3] 



[LLY3J 


our notation 


m 


k 






K 


C(ai, . . .,a N )[H] 


C[T*] 


Q[«i, . . .,a N ] 


a 


H 


T 


T 


ex 


e 


{ T \ 

c\{L d ) 


e # z (9K ,i(XX f ,d)j 


P 


forgetful morphism 9Ko,i(X, d) — ► 9Jto,o(^> d) 


p x 


evi :M ,i(X,d) — >X 


LT QA (d,X) 


\M 0>1 (x,d)] mr 


v d 


v E ^m , (x,d) 


u d = p*V d 


V E ^TX ,i(X,d) 


{D a )ae[N] 


i u j)je[N] 



In [LLY31 Section 3.2], we take b T = e T (that is, e),X = XJ a , and By |LLY3l Section 3.2], 



A V ' bT {t)=A{t) = e 



-H-t/a 



e(£ H 



dsA-0 



x ^ *& r (^)nLr 0il (d,l) 
e G (F /M d (X)) 



where {H a } Hj N (XJ^) is a basis whose restriction to if 2 (Xj^) is a basis of first Chern classes of 
ample line bundles; see [LLY3[ Section 3,viii]. By [LLY3[ Lemma 3.5], 

e G (F /M d (X)) = a{a-c x {L d )). 

Thus, in our notation, 



A(t) 



e(E- 



2 e d -*evi* 



deA-0 



h(h+i/ji) 



(A.l) 



where evi :9Jto,i(X]^, d) — ^ s the evaluation map at the marked point. By (|4.2j) . (jA.lj) . and 
the string relation |MirSym" Section 26.3], 



A{t) = ^B^nem^ ^ 
e{E ) 



(A.2) 



By (|47f|) . Remark I5TTI and (pT2|) is independent of the choice of a Q[a]-b asis for Hj N (XJ^ j 



and so it is not necessary to assume that the restrictions of X{ to H 2 (XJ^) are Chern classes of 
ample line bundles. Thus, we may take H = (x±, . . . ,xp.) in |LLY3| . By [LLY31 (5.2)] and [LLY3, 
Theorem 4.9], 



(A.3) 
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in [LLY31 Theorem 4.7]. In the notation of the proof of [LLY31 Theorem 4.7] correlated with 
Remark I5.1| 



N 



C = I (q), C , = -I (q)[G(q)+^a j g j (q) 



C"=-I (q)-(fi(q),...,fk(q)), 



J/a.. 



1 n 
-e 



h(q) 



G{q)+ £ a j9i(g) 

2 = 1 



(A.4) 



C" 

~c 



>(/i(g),.- •,/*(?))■ 



Finally, by |LLY3l Section 5.2] and [LLY31 Corollary 4.11], the hypothesis of [LLY31 Theo- 
rem 4.7] are satisfied with A(t) and B(t) as in (|A.2|) and (|A.3|) if z^(d) 5= for all d 6 A, since 
e(E + ) and e(E~) are non-zero whenever restricted to any T^-fixed point; see Proposition 12. 2l|(a)[ 
Thus, O follows from [LLY31 Theorem 4.7], (TO) . ([Oil , and ([Oft . 
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